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STRONGLY  BOUNDED,  FINITELY  ADDITIVE  VICTOR  MEASURES 
AND  WEAK  SEQUENTIAL  COMPACTNESS 

By 
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Chairman:   J.  K.  Brooks 

Major  Departm.ent:   Department  of  Mathematics 

This  dissertation  is  concerned  primarily  v/ith  the 
condition  of  uniform  strong  bovindedness  on  a  set  K  of  vector- 
valued,  finitely  additive  measur'es  defined  on  a  ring.   K  is 
uniformly  strongly  bounded  if  the  images  of  disjoint  sequence 
of  elements  of  the  ring  convei'ge  to  zero  uniformly  in  the 
measures  of  K.   If  K  consists  of  one  m^easure,  the  measure  is 
called  strongly  bou.ided.   We  give  an  elementary  proof  of  a 
v/ell  knovn  result  which,  when  the  m.easures  are  countably 
additive  on  a  signia- algebra,  frequently  allows  the  reduction 
of  a  problem  in  vector  measure  theory  to  classical  (non- 
negative)  measure  theory.   Using  strong  boundedness,  v/e 
generalize  this  result  to  finitely  additive,  vector-valued 
measures  on  rings.   An  extension  property  which  v/e  develop 
enables  us  to  derive  relations  between  uniform  strong  bounded- 
ness and  absolute  continuity  with  respect  to  a  non-negative 
measure.   We  apply  these  results  to  obtain  equivalent  condi- 
tions for  v/eak  secfjential  compactness  in  spaces  of  bounded, 
finitely  additive,  scalar-valued  measures  defined  on  an  algebra, 
including  easy  proofs  of  several  v/ell  kncv/n  conditions  equi- 
valent to  v/eak  seqiaential  convergence. 


INTRODUCTION 

In  developing  a  theory  of  integration  with 
countably  additive  vector  measures,  Bartle,  Dunford, 
and  Schwartz  [1]  found  hat  a  vector  measure  \i   had 
associated  v/ith  it  a  non-negative  measure  X  ^uch  that 
X  is  a  "control  measure"  for  (i  in  the  sense  that  X 
and  li  have  the  same  class  of  null  sets.   This  enabled 
them  in  many  instances  to  transfer  a  problem  in  vector 
measure  theory  ho  classical  measure  theory.   We  give 
a  short,  elementary  proof  of  the  Bartle-Dunford- Schwartz 
Theorem  in  Chapter  1  (see  page  23) .   In  the  second 
chapter  we  consider  the  problem  of  generalizing  the 
Bartle-Dunford-Schwartz  result  to  finitely  additive 
measures.   In  fact,  we  show  that  such  a  X  exists  for  a 
given  finitely  additive  vector  measure  U  on  a  ring 
precisely  when  li  is  strongly  bounded.   Strongly  bounded 
measures  were  introduced  by  Rickart  [1^],  v'here  it  v/as 
shown  that  every  such  measure  is  bounded.   We  s-hall  see 
that  for  weakly  sequentially  complete  vector  spaces,  the 
converse  is  also  true;  that  is,  any  bounded  measure  is 
also  strongly  bounded.   Thus  this  condition  on  finitely 
additive  measures  is  at  once  powerful  in  its  implica- 
tions and  mild  in  its  restrictions.   The  path  we  shall 
follov,'  investigates  the  question  of  extending  countably 
additive,  strongly  bounded  measures  on  a  ring  to 
countably  additive  measures  on  the  generated 
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a-ring,  and  we  are  able  to  strengthen  an  extenrsion  theorem 
of  Sion  [15],   Similar  extension  problems  v/ere  considered 
by  Dinculeanu  and  Kluvanek  [5],  and  several  problems  raised 
in  [5]  will  be  solved  in  2.20  and  2.27  (in  the  bounded 
measure  case) .   We  shall  Mse  these  results  in  Chapter  3 
to  obtain  pov/erfvil  re  jults  on  sets  of  uniformly  strongly 
bounded  vector  measures.   Specializing  to  the  case  of 
scalar-valued  measures,  we  obtain  various  useful  charac- 
terizations of  v/eak  sequential  compactness  in  spaces  of 
bounded,  finitely  additive  scalar  measures  on  algebras, 
llicse  characterizations  complem>ent  those  obtai  ~ed  by  Dunford 
and  Schwartz  [6],  and  are  related  to  ones  obtained  by 
Porcelli  [13],   Earlier,  Grothendieck  [8]  had  obtained 
similar  results  on  weak  sequential  compactness  for  Radon 
measures  on  a-algebras.   Finally,  Darst  [4]  was  able  to 
sim.plify  the  theory  by  giving  a  m.ore  direct  proof  of 
Porcelli 's  condition  for  weak  sequential  convergence.   We 
are  able,  using  the  idea  of  tmiform  strong  boundedness,  to 
give  a  short  proof  of  the  equivalence  of  Porcelli 's  condition 
to  a  related  one  of  Hildcbrandt  [10]  ,  and  i;sing  oux*  earlier 
theorems,  an  easy  proof  of  the  equivalence  of  either  of 
these  to  weak  sequential  convergence. 

Similar  results  on  "control  measures"  and  on  uniform 
£tx-org  boundedness  have  bjen  obtained  by  Brooks  [2j  .   However, 


the  related  theorems  were  arrived  at  independently,  and 
the  methods  of  proof  in  this  dissertation  are  entirely 
different.   In  particular.  Theorem  3.6  is  a  strengthening 
of  a  result  of  Brooks  [2] . 


CHAPTER  I 
Basic  Results 


1.1  We  shall  be  concerned  in  this  v/ork  v/ith  various 
conditions  concerning  vector  measures.   This  chapter 
will  lay  the  foundation  for  the  sequel.   Theorems  1.12 
and  1.15  will  be  of  particular  importance  in  Chapter  2. 

1.2  Notation.   The  conventions  established  in  this 
section  will  be  followed  throughout  the  dissertation. 

E  denotes  a  locally  convex  linear  topological 
space  v/ith  completion  ^,       If  p  is  a  continuous  semi-norm 
on  E,  the  unique  continuous  semi-norm  on  E  v/hich  extends 
p  is  denoted  by  p.   E'  is  the  continuous  dual  of  E.   The 
topology  ir.duced  on  E  by  E'  is  called  the  weak  topology. 
The  scalar  field  of  E  is  ? ,  and  5  may  be  real  or  com.plex. 
The  real  numbers  are  denoted  by  S ,  the  non-negative  real 
numbers  by  ti    ,      R    =  R   ^  {°^}j  snd  the  non-negative 
integers  are  denoted  by  UJ .   For  USE,  U  is  balanced  if 
aU  ~   {au:  ueU}  c;  U  whenever  [a]  "^  1,  a€§  .   We  denote 
n-dimensional  Euclidian  space  by  S  ,    or  if  n  =  1  simply 
by  9.  .      Tvnen  E  =  'R  ,  §  is  of  course  always  a  •   If  U  ^  E 
and  if  p  is  a  continuous  semi-norm,  we  say  U  is  p-bounded 
if  p(U)  =  (pCu):  ueU}  is  bounded  in  § .   U  is  bounded 
if  and  only  if,  for  each  continuous  semi-norm  p,  U  is 


p-bounded.   We  v/rite  l.c.s.  for  locally  convex  linear 
topological  space.   A.  standard  reference  for  theorems 
in  a  l.c.s.  is  Xothe  [11].   E  will  aiv/ays  be  Hausdorff; 
we  v/ill  write  X  instead  of  E  v/hen  E  is  a  Banach  space. 

A  ring  R  of  subsets  of  a  space  Q  is  a  set  of 
subsets  of  n  closed  under  finite  unions  and  differences 
of  elements  of  R.   R  will  denote  a  ring  unless  otherwise 
specified.   If  Q  is  required  to  be  an  element  of  R,  v/e 
will  write  A  instead  of  R  and  call  A  an  algebra.   If 
reR,  the  algebra  R/   •--  (rTlr:  r'eR}  is  the  algebra  induced 
by  R  on  r.   A  6 -ring  D  is  a  ring  closed  under  countable 
intersections,  and  a  q-ring  ^  is  a  ring  closed  under 
countable  unions.   The  a-ring  generated  by  a  ring  R  is 
/ (R) .   A  sequence  (r.) .    s  R  is  monotone  increasing  to 

r  ==  U.r.  (r.   r)  if  r.  ?^  ^i+i^  ^^'^'  ^^i^  i  ^^  monotone 
decreasing  to  r  =  H^r^  (r^   r)  if  r^  a  ^i+i'  ^-^-  ^"^^ 
function  U  on  a  ring  R  into  a  l.c.s.  E  is  a  measure.   A 
measure  ti:R  -  E  is  count ably  additive  if  for  every  disjoint 
sequence  (r.)  s  R^  U.r.eR  implies 

where  the  convergence  is  unconditional.   The  measure  ^ 

is  finitely  additive  if  the  above  equality  hold^^  for  every 

finite  disjoint  family  (r.)?,  s  R.   If  (H^)^^p  is  a  set 


of  measures,  (i-i  )  is  uniformly  bounded  if 


[H  (r) :  atG,  reR) 


is  oounded  in  E;  if  ([i  )  is  juct  a  single  measure  [-i,  %-/e 

say  that  u  is  bounded.   The  set  (u  )   is  -ooint-wise 

^  a  a 

bounded  if  for  each  reR,  [\i    (r)  :  aeG]  is  bounded.   For 

p  a  continiious  semi-norm  on  E,  the  p- semi- variation, 
p(^i)  :  R  -•  5^  ,  is  defined  by 

p(n)(r)  =  sup[p  (i-i  (r ' )  )  :  r'^r,  r'eR],         rsR. 

If  E  is  a  norm.ed  linear  space  v.'ith  norm  |  j   |  |  ,  the 
semi-variation  of  \i ,     \  \\i\  \     (•)  is  simply  the  |  ]   |  |-semi- 
variation  of  |a.   Also,  v(ii)  (•)  is  the  total  ■  arxation 
of  (a,  defined  when  E  is  a  norraed  linear  space  by 

v(^)  (r)=sup{y'^   1  lu(r  )  I  1  :  (r  .  ) ''_^-R,  (r  )  disjoint,  andUr.Sr] 

/— )  j_  ;nl         X  XX  —  X         X  XX 

If  p  is  a  continuous  semi-norm  on  E,  and  X :  R  ->  '^   is 

finitely  additive,  we  write  \i   «   X  when 
,  '    P 

lira   p(n(r)  )  =  0, 
X(r)-0 

that  is,  given  6  >  0  there  exists  a  c  >  0  such  that  for  all 
reR  such  tliat  X  (r)  <  5,  v/e  have  p(ji(r))  <  e.   In  a  normed 


space,  \-fe   will  omit  the  "p"  and  v/;rite  siraply  ^  «  X. 
For  xeE',  we  say  ix|  ^  p  if  |x(e)I  ^   p  (e) ,  eeE.   We 
will  indicate  the  end  of  a  proof  with  D  . 

If  u:  R  -  5^  is  a  finitely  additive  measure,  then 

,  •*•  _  * 

we  define  i-i  :  R  -  R   and  n  :  R  -  K   by 

|i"^(r)  =  sup{n(r'):  r'eR,  r'Cr}, 

H~(r)  =-inf{^(r'):  r'€R,  r's:r]. 

As  we  shall  see  in  Theorem  1.3,  if  |a  is  a  bounded  measure, 
we  can  decompose  [i    as  the  sum  of  two  non-negative,  bounded 

+     - 
measures  by  |a  =  n   -  ^  . 

1»3   Theorem.   Let  [a :  R  -^  K  be  a  finitely  additive 
measure.   IT-ien 

(1)  n*"  and  iJ~  are  non-negative  finitely  additive 
measures; 

(2)  V  (i^)  (r)  -  ia'*'(r)  +^"(r),  rcR; 

(3)  ![il  (r)  -  max{n  (r)  ,  ^"(r)},  reR. 
If  [X    is  point-wise  bounded,  we  have 

(4)  ^  =  ^"^  -  |J~. 

Proof      (1)      M^   and  [X~    are   obviously  non-negative. 


Let  r^s  be  disjoint  elements  of  R.   Then 

li'^(rUs)  =  sup{n(t):  t€R,  t-rUs} 

=  sup[M(t  Ut2):  t^,  ^2^^'    ^t"^>    t^-s) 

=  sup{^(t^)  +  \i{t^):    t^^t^eR,  t^^r,  t2es) 

=  [1    (r)  +  [1     (s)  . 

Thus  |i   is  finitely  additive.   Since  n      -  {-[i)     ,    \x      is  also 
finitely  additive. 

(2)   Set  reR.   Then  if  R'  =   R/ 

v(M)(r)    =    sup{)  I[i(r.)I:    new,     (r .  )    disjoint    in   R} 

-^1=1  1  ^ 

=  sup[^(s)-^(t)  :  s.tsr,  s,tGR,    snt-0,    ti(s)sosia(t)} 

=  sup{^  (s) -^  (t)  :  3,tc:r,  s,teR,    snt=0} 

=  sup[[a  (s) -|a  (t)  :  s,tsr,  s,teR} 

=  ^"^(r)    +  ^"(r)  . 

The  third  equality  above  follows  from:   M  (s)  ,  |a(t)  >-    0  imply 
^(s)  -  ii(t)  ^  ^(s)  -  ^(s)  +  m(0};  \x{s)  ,    ia(t)  ^0  imply 
^{s)  _  1.1  (t)  <■   -u(t)  =  H(0)  -  ^(t);  p(t)  5  0  and  \x{s)     ^0 
imply  |i(s)  -  |j(t)  s  m(0)  -  |a(b).   The  fourth  equality  follows 
rrom:   [.i(snt)  ^  0  implies  |a(s)  -  U  (t)  ^  la  (s-t)  -  !-i(t); 
i.i(srit)  >  0  implies  \x{s)    -  iJ.(t)  ^  \i  [s)    -   ^(t-s). 


(3)  |n|(r)    =sup{!^(s)|:    s=:r,    seR} 

max[  sup{|a  (s)  :s^r,seR,\i  (s)2:0]  ^  sup{-n  (s)  :s?;r,  scR^ii  (s)  ^0'}  } 

maxfu    (r)  ,    [a"  (r) }  .  • 

(4)  L.'^c    rsR.       Then 

^(r)    +   l-i"  (r)    =  ;i(r)    +    sup(-f^(s):    sSr,    seR] 

-   3up[ia  (r)--(j  (s)  :    s<::r,    seR} 
=   sup{|-i  (x--s)  :    sCr,    sgR} 


Since  |-i    is   point-wise  bounded,    la    (r)    is    finite.      Thus 
[X   =  \i      -   n".      D 

* 

1.4   Corollary.   (1)   v{|a):  R  -  R   is  finitely  additive; 

(2)  (_i  is  bounded  if  and  only  if  |a  ([i  ) 

is  bounded; 

-f-  _ 

(3)  [1    (r)  =  «>  if  and  only  if  \i    (r)  =  «>,  reR, 

Proof   (1)  above  follows  from  (1)  and  (2)  of 
Theorem  1.3;  (2)  follows  from  (3)  of  Theorem  1.3.   Since  by 
the  proof  of  (4)  of  Theorem  1.3,  |^  +  li~=M.,  (3)  above 
follov/s  from  the  fact  that  H  is  finite-valued.   D 

lo5   Theorem .   Let  ia:R  -  R   be  a  bounded,  countably  additive 
measure  and  ^   =  )^(R)  .   For  se2^,  we  define 
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M(s)  =  inf{^ja(r^):  (r.)cR,  U.r^^s]  . 

Then  ja  is  a  bounded,  countably  addibive  measure  on  ) 
into  ^    . 

Proof   It  is  well  known  that  \1    defined  as  above 
is  a  countably  additive  extension  of  'hL.   Details  can  be 
found  in  Halmos  [9]  .   Suppose  [1    is  not  bounded.   Then 
there  exists  (s.)  ^  )  such  that 

\l{s^)    >    i,  isw. 

By  the  definition  of  p,  for  lew,  there  is  an  (^j^-;)4g(jj  ^  ^ 

such  that  for  some  N.euJ, 

N. 

Ni 
Defining  r.  =  U.  ^  r.  .,    we  have 

M(U^^^  r^)  >  i,  iew, 

so  that  \j.    is  not  bounded  on  R.   D 

1.6   Corollary.   In  the  definition  of  ja  above,  the  (r^) 
may  be  required  to  be  pair-wise-disjoint. 

Proof   Fix  se)  and  (r.)  s  R  such  that  U  r.  3  s. 
Definina  s.  ^  r.    -    U"l"~^  r.,  we  have  (s.)  g  R  pair-wise- 

-  1   1   :=i  j'  .1 

disjoint,  U.s.  ^  s  and 


J.,(s.)  -Y.Mir^-<Al[   r.) 


Thus  u(s)  is  equal  to 

inf{2^.^  (r.  )  :  disjoint  (r.)SR,  U.r.asj.   D 

The  next  theorem  and  Theorem  1.9  are  basic  for 
our  work  with  finitely  additive  measures.   They  frequently 
allow  us  to  reduce  a  problem  to  the  case  of  a  countably 
additive  measure.   Theorem  1.7  can  be  found  in  Punford  and 
Schv/artz  [6]^  although  the  proof  there  is  stated  for  an 
algebra  rather  than  a  ring. 

1.7   Theorem.   For  pny  ring  R  on  Q ^  there  exists  a  ring 

R   of  open  and  closed  subsets  of  a  compact,  Hausdorff  space 

S  such  chat  R  is  isomorphic  as  a  ring  to  R  . 

Remark:   We  call  R   the  Stone  ring  of  R,  and  the 
isomorphism  from  R  onto  R,  is  denoted  by  t. 

Proof   Let  A  be  che  algebra  generated  by  rU[Q] . 

Then  by  Ttieoreras  IV  6.18  and  IV  6.20  in  Dunford  and  Schwartz 

[6],  there  is  a  compact  Hausdorff  space  S  such  that 

B(n_.  A)  is  algebraicly,  isometrically  isomorphic  to  C(S) 

und^r  a  mapping  h.   Suppose  aeA.   Let  5   denote  tne 

a 

characteristic  function  of  a.   Then  h(?  )  is  a  continuous 

a 
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function   on   S,    v/hile 


da  a. 


".mplies    that  h(§    )    ^    {0,1]  .       If  we   define 


TCa)    =    [h(?    )]    ^    (1), 

a. 


then  by  the  continuity  of  h(§  )  on  S,  "i"  (a)  is  an  open 

a 

and  closed  subset  of  S.   We  shall  show  that  T  is  an 

isomorphism,  and  define  R   =  " (R) .   Since  h  is  one-to-one, 

so  is  T.   Set  aeA.   Then 

T(Q-a)  =  ni(5^_^)]"^  (1) 

=  [h(?^-5^)]-l  (1) 

=  [h(?^)  -  h(5^)]"^  (1) 

=  [1  -  h(5  )]"-^(l) 


=  S  -  T(a), 

since  h  being  an  algebraic  isomorphism  implies  that  h  must 
send  the  multiplicative  identity  of  B  (Q ,  A)  onto  the  m.ulti- 
plicativa  identity  of  C(S).   Similarly, 


T(a^na2)  =  r{a^)nT(a^) 


and  T(a,Ua  )  =  T(a,  )UT{a2) 


±J 


follow,  respectively,  from 


'^1^^2       "^1    ^2       ^^1       '^2 


..nd 


'^'?a,U.,)-^'^<5a,^?a,-^a,na,) 


=  h(e  )  +  h(e^  )  -  h(?^  )  .  h{?^  ) 

^1        ^2        ^1        ^2 


Suppose  a  Sa^.   Then  t (a, )  s  T(a  )  since 


T(a^)  =  T(a^na2)  =  T(a^)nT(a2) 


Then  for  a  ,  a  eA, 


^(a^-a^)  -  T(a^)  -  Tla^Oa^) 


=T(a^)  -  (t (a^na2)UT(a2-a^)) 


=  T(a^)  -  T(a2), 


ince    a_-a^    s   Q    -     (a   -a_)     irn]plies 


T  (a2-a^)    s   S   -    T  (a^-a^)  . 

Thus  T  is  a  ring  isomorphism,  so  that  R   is  the  desired 
ring.   D 
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1.8   Remark.   If  (s.)  s  R  is  a  disjoint  sequence  of 

non-null  sets,  then  U.T{s.)  |  R  . 
'         1    X      s 

Proof   of   Reraark      Suppose    (s.  )    s;    R   such   that 


U^   ,    c.    ^    U.S.,  Neuj. 

.=1      1  1    i' 


Then  U.T(s.)  is  not  compact,  and  hence  not  in  R  ,  since 
i    1  s 

(t(s.)).  is  an  open  cover  of  U.T{s.)  which  ha~  no  finite 
11         ^  11 

subcover.   In  fact,  if  for  some  Ne>JJ, 

U^  .  T(s.)  =  U.  T(s.), 
1=1     1      1     1 


then  for  ie'.u. 


implies 


T(S.>  C-     U«     T(3  ), 


s.  s  U  .  ,  s  . , 

1   :-i  3' 

as  in  the  proof  of  Theorem  1.7.   D 

One  is  tempted  to  think  that  Theorem  1.9  eliminates 

any  problem  in  dealing  \.-ith  finitely  additive  measures. 

Hov/ever,  m.any  results  are  valid  only  on  c-rings,  and  as 

Remark  1.8  shows,  R   is  rarely  a  a-ring.   We  shall  show 
'   s 

later  that  every  ring  contains  a  sequence  (s^)  of  disjoint 
aon--null  sets,  unless  R  ^s  t,  finite  set.   Thus  R^  is  a 
CT-ring  if  and  only  if  R  is  finite. 
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1,9   Theorem.   For  every  iJ :  R  -»  E,  the  equation 

IV  (r)  =  n(T~^(r)  ),  reRg, 

defines    a  measure   T|i :    R     -    E.       The  mapping   T  has    the 
follov/ing   properties. 

(1)  For   each    finitely   additive   [l ,    'T\J.    is    countably 
additive; 

(2)  for   each    (r.)    c;    R^    lira.    T|a(T(r))    exists    in   E 

if   and   only   if    lira.    |a  (r)    exists    in   E. 

(3)  IfX^Oisa    finitely    additive   measure   on   R 

such    thaL  li    «      \    for    each    continuous    semi-norm 
P 

Pj    then   TX    s    0    is    a   cotintably   additive  m.easure 

on   R      such    that   Tjj    «      TX    for    each    continuous 
s  p 

semi- norm  p. 


Proof       (1)       Let   r,    scR    ,    rOs    =   0.       Then 


T'-^{r)nT-^(s)    =   T    ■~{rns)    =   0    implies 


Tia(rUs)    -  ^  (T    ^(rUs))    =  M  (t"^  (r )  Ut-^  (s)  ) 


=  (a(T-l(r))    +   M(T-l(s)) 


=   T^(r)    +   TM(s)  . 


^Tow   suppose    (r.)    c   R      is   disjoint   and  r   =  U.r.eR    .       Then 
^  ^  is  '  lis 

r  is  compact  and  covered  by  (r.)  so  that  for  some  New, 
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r  ^  U^  ,  r . 
x-l   X 


:n  fact,  since  r  =  U.r.,  we  have 


r  =  U^  ,  r., 
1=^1  x' 

and  hence  r.  =  0,  i  >  N.   Then 

=    )  ,     ^    IV.  (r.)  =  )  .  Tu(r.), 
^x=l      1     ^x      1 

so  that  TU  is  countably  additive. 

(2)  is  o'Ov'ious  from  the  definition  of  TLt . 

(3)  That  T\  >  0  is  obvious;  T\  is  countably 
additive  by  (1) .   Let  U  be  a  neighborhood  of  0  in  E.   Then 
there  is  an  e  >  0  such  that  ii(r)eU  for  reR  whenever 

X (r)  <  e.   But  if  T\  (r)  <  e  for  some  reR^,  then 

X(T'""'"(r))  =  TX  (r)  <  s  also,  so  that 

Tu(r)  -  ^(T~^{r))eU.    D 
1.10   Definition.   Let  jx :  R  -  E  be  a  measure.   Then 

(1)  a  (R)  =  [rKQ:  r=U.r.  for  some  sequence  (r.)?=R]; 

(2)  p (R)  =  [reO:  rSr'  for  some  r'ea(R)}; 
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(3)a)   D(r,R)  =  [r'(^R:  r'^r},  for  r?:Q  ; 
b)   a(r,R)  =  {r'ea(R):  r'^r),  for  rCQ ; 

(4)  a)   g(r)  =  lim[^(r■):  r'eD(r,R)},  rr.fz, 

v/here  D(r,R)  is  directed  by  r'^r"  =  r'Cr" 
(assuming  the  limit  exists) , 
b)  il{r)    =   lira[g(r'):  r'eD^(r,R)},  r^fi , 

where  cr(r,R)  is  directed  by  r'^r"  =  r'Sr" 
(assuming  the  limit  exists), 

(5)  M   =  {reR:  for  all  seR,  [1  {s)    =   n(snr)  +  H  (s-r) 

The  next  tv/o  theorems  are  due  to  Sion  [15]  ,   Since 
we  need  to  examine  his  proofs  in  detail  in  Chapter  2,    we 
reproduce  them  here  with  a  fev/  small  changes. 

1.11   Theorem.   (1)   Let  ;J :  P(n)  -»  E  be  such  that  u(0)  =  0. 
Then  M   is  an  algebra  and  la  is  finitely  additive  on  14  . 

(2)   Let  f:  D  -*  E,  where  D  is  a  directed 
set.   If  for  each  increasing  sequence  S  in  D,  f/      is  a 

Cauchy  sequence  in  E,  then  f  is  a  Cauchy  net  in  2. 

Proof   (1)   Since  m(0)  =  0,  it  is  clear  that 
Q  £  M  .   Bv  symmetry,  if  rp.M  ,  Q-reM   also.   Thus  if 
r.spM   implies  rflseM  ,  '--e  have  that  M   is  an  alge>.ra 
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But  for  t  €  P (0) , 

^{t)  =  n(tnr)  +  u(t-r) 

=  ^(tnrns)  +  u((tnr)-s)  +  U (t-r) 

=  ^(t^(rns))  +  ^(  (t-(rns)  )nr)  +  ^  :  (t- (rOs)  )-r) 
=  ^(tn(rns))  +  (i(t-(rns)). 

If  also  rOs  =  0,  then 

l-i(rUs)  =^((rUs)nr)  +u{(rUs)-r) 

-=  ^  (r)  +  ^i(s)  , 

so  that  u  is  finitely  additive  on  M  . 

(2)   Suppose  f  is  not  Cauchy  in  E.   Then 
there  is  some  balanced  neighborhood  of  0  ,    U,  siich  that, 
for  every  dsD,  there  exists  d'eD  with  d'  ^  d  and 

f(d')  -  f(d)riu. 

If   this  v/ere   not   true,    then    for    d' ,    d"    ^    d,    d'jd"eD, 

f(d')    -    f(d'")    -    f(d')    -    f(d)    -     (f(d")    -    f(d)) 

g2U, 

so   that    f  would  be   Cauchy. 

Choose  d-.eD  and  pick  d^eD  such  that 

f(d2)  -  f(d^)  iu. 
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If  we  have  an  increasing  sequence  (d.) . _,  c  D  such  that 

f(d^_^^)  -  f(d^)  (^U,  l^i^^n-l. 


we  can  find  d  ,  ,  ^  d   usiiig  d-d   in  the  statemer.t  shown 
n+i     n  n 

above.   Thus  v/e  have  an  increasing  sequence  (d.)  .  ^  D 
which  is  not  Cauchy.  O 


1.12   Theorem.   Suppose  the  follov/ing  conditions  are 
satisfied: 

(1)  [i:  R  -•  E  is  countably  additive; 

(2)  (r.)  s  R  monotone  implies  lim.  ii(r.)  eE; 

(3)  Og^(R)  . 

Then  i-t  has  a  countably  additive  extension  \1    froi'. 
^  (R)  into  E. 

Proof  We  shall  break  the  proof  into  a  sequence 
of  lemmas. 

Lemma  (a)   g  is  defined  on  P {Q) ,    the  set  of  all 
subsets  of  n,  and  g/   =  \Jl  . 

Proof   For  reP(Q),  |a/D(r,R)  forms  a  Cauchy  net,  by 
Tl-ieorem  1.11(2)  and  hypothesis  (2)  above.   That  g/   =  |i 

is  obvious  since  reR  implies  rGD(r,R). 

Lemma  (b)   Let  r  eR,  neo),  r  t  r.   Then 
' ' — -  n      '  '   n   n 

g  (r)  =  lim  n  (r  )  . 
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Proof      Let   U  be    a  balanced,    closed   neighborhood   of 
0.      Then   there   exists    an   ssR   such   that    s?^r    and   if    s'eR- 
such   that   s'Sr-s,    then   |a(s')eU.       Then    for   neuu. 


v;hile 


M(r    )    -   u(sr.r    )    =  ja  (r  -s)    €U, 
n  n  n  ' 


^(s)    -    g(r)    -    lim^^^^^   ^^     (^  (s)    -   ^  (t) ) 


Thus 


=   li^teD(r,R)-^(^-^)    ^"• 


lim^u(r^)    -   g(r)    =    lim^(!i(r^)    -   g(r)) 


-   lira    (^(r    )    -   n(snr„)    +   u(snr^)    -   g(r)) 
n  n  n  n 


=   lim^(u(r^)    -   M(snr^))    +   ^(s)    -   g(r) 


€    U+U   =    2U. 
Leraraa    (c)       g    is    finitely   additive   on   a (R) . 

Proof      Let    (r.  .)  .         s   r      i    =    1      2.       Then   if 

r.    =   U.r..,    i   =    1,     2,    we  have   by   Lernraa    (b),    if   r,nr_    =   0. 
1  j    ij  ^  '       '  12' 

g(r^Ur2)    =    lim^p  (  (U^^^    r^^)    U    (U^^^    y:^^)) 
=   lira^(,.(U^^^r^.)    -.M(U^__^r2.)) 

=  g(r^)    .■  gv^2^  • 


21 


Lemma  (d)   Let  r  ea  (R)  ,  nea'   r     r.   Then 


g(r)  =  lim^  "^^^n^  * 


Proof   Choose  s  eP. .  n£^D ,    such  that  s    r  a:.d 

s   s  r  ,  iiG'JJ.   Let  U  be  a  neighborhood  of  0.   Then  for 
n     n^  ^ 

each  n  there  exists  by  recursion  a  t  ^tR  such  that 


S   Gt   Sr.t   Gt   ,,  |i(t  )  -  q(r  )  €U. 
n     n     n-   n     n+1      n     ^   n 

Since  r  =  U  t  ,  Lemma  (b)  says  there  exists  an  Nsuo  such 
n  n'  '    -/ 

that  for  n  s  N,  g(r)  -  iJ  (t  )  eU.   But  then 

g(r)  -  g(r^)  =  g(r)  -  M  (t^)  +  U(t^)  -  g(r^) 

e  U  +  U  =  2a. 

Lemma    (e)       Let    (r    )       t:   P(n),    r         .       Then 
■ n   n  '      n 

lira     g(r    )    exists   in  E. 
n  n 

Proof      Let   U,    V    ,    ne'JU   be   neighborhoods   of    0    such 

Vn 
that    >  .         V.    s   u,    ne'Xi .      Choose    s    eR   so   that    s      c   r      and 
L^iz=Q      X  '  n  n  n 

u(s)€V      for   s    ^   r      -    s    .      Then  g(r    )    -   u{s    )    e  V      as    in 
n  n  n  n  n  n 

Lemma    (b) .       Let   t    ,    =0,    and    for   new,    t      =0.     ,    s. .      Then 
-1  ^  '      n  1=1      1 

t   gR,    t  and   since    (s   Ot.    ,)    -    s.    c:   r .    -    s .  ,    for 

n      '      n  n      1-1  i  i  i* 

1    ^    i    i^   n,    v;e  have 

e)  V.    <^   U. 
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Bv  hvDOthesis  (2)  of  the  theorem  lira   u(t  )  exists  since 
■^      -^  ^  n     n 

t  I  ".      Thus  there  is  a  Ne'JJ,  such  that  n  ^  N  implies 
n  ^ 

U  (t  )  -  n  (t  )  eU,   Therefore,  for  n  >-   N , 

+  \i{t^)    -  u(t^)  +  U(t^)  -  u(s^)  +  \s{s^)    -   g(r^; 

G  V,,  +  U  +  U  +  U  +  V   >-:  4U. 
]^  n 

Lenvna  (f)   fl  is  defined  on  P{Q),  and  fl/a  (R)  =  g/^{R). 

Proof  If  r  €  ^{•1),  then  by  Theorem  1.11  {2)  and 
Lemma  (e)  ,  g/a(r,R)  is  a  Cauchy  net  in  E,  so  that  ^  (^r)  ■ 
is  defined  in  E.  That  ia/a(R)  =  g/a  (R)  is  obvious  since 
r  6  o(r,R)  v/hen  r  e  a  (R)  . 

Lemma  (g)  If  r  €  I'^CQ)  and  U  is  a  closed,  balanced 
neighborhood  of  0,  then  there  exists  an  r'ea(R)  such  that 
rSr',  g{r')  -  ia(r)GU,  and  for  every  t  e  Mfl  with  t  s  r'-r, 
ia{t)£U. 

Proof   Choose  r'6a(R)  such  that  r^r'  and,  for 
every  s  in  a  (R)  v/ith  r  s  s  s  r',  g(s)  -  ia(r)eU.   Then 
if  t£M-  with  t  s  r'-r,  ia  (rUt)  ^  ii  (r)  +  P  (t)  ,  and  for  every 
sGc  (R)  with  rUt  s  s  Sir',  g(s)  -  ia(r)  eU.   Thus 
,I(rJt)  -  jj(r)  €U  by  definition  of  ?,  while  ja  (t)  = 
il(rUt)  -  ii(r)  eU  also. 
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Lemma  (h)   Let  a.bto (R)  and  U  a  balanced,  closed 
neighborhood  of  0.  •  If  pi(t)eU  whenever  t  c:  a  or  t  c  b, 
then  for  every  t  such  that  t  s  aUb,  H (t)  e  3U. 


Proof   Let  (a  ),(h    )    be  increasing  sequences  in 

R  with  a==Ua,b  =  'Jb.   Then  for  any  csH  with  c  r.    aUb, 

u(c)  =  lim  n(cn(a  Ub  )).   But  neuJ  implies 
■"^         n       n   n 

^(cn(a^^Ub^))  =  li(cna^)  +  li(cnb^-a^)  e  2U. 

Thus  ii(c)  e  closure  (2U)  s  3U,   But  then  for  sgq  (R)  , 

s  s  aUb,  g(s)  e  3U.   Therefore  if  t  s  aUb,  then  ia(t)G3U. 


Lemma  (i)   R  g  M- . 

Proof   Let  r£R  and  tCsGP(n).   Then  given  a  balanced, 
closed  neighborhood  of  0,  U,  there  is  an  aea (R)  so  that 
trir  C  a  c  r  and,  for  a'Ga(R)  with  tOr  c  a'  s  a, 
g(a')  -  ia(tnr)  eU.   Also  choose  bsa  (R)  so  that 
t-rc:bss-r,  and  for  every  b'€a(R)  with  t  -  r  G  b'  ^^  b, 
g(b')  "  fi(t-r)  eU.   Then  for  cea  (R)  v/ith  t  s  c  c  aUb,  we 
have 

trir  s  cHr  c  a,  t-r  s  c-r  g  b, 

while  by  Lemma  (c)  j 

g(c)  ■-=  g(cUr)  +  g  (c-r)  . 
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Thus 

g(c)    -     (,a(tnr)    +   ia(t-r))    =   gv'cOr)    -   [l{t.f)r) 

+   g  (c-r)    -   [A  (t--r) 


e    2U, 
so   that   r   e   M-    since  fi  (t)    =  il(tnr)    +  ia(t-r). 

Leimna    ( j  )       a  (R)    e  M- . 

Proof   Let  a  €  a  (R)  and  t  s  s  e  !P(Q).   Given 
U  a  balanced,  closed  neighborhood  of  0,  choose  r^€R  so 

that  r,  s  a  and,  for  every  r'eR  with  r'  g  a-r^ , 

U(r')eU.   Thus  if  t'  c^  a-i^-,  j  then  g(t')GU  and,  since 

a-r^ea(R),  |J(t')6U.   There  exists  a  bea  (R)  such  that 

t-a  s  b  G  s-r^  and  g(b)  -  ia{t-a)6U.   Then,  as  in  the  case 

of  a,  there  is  an  r-^eR  so  that  r^  s  b  and  [I(t')eU  when 

t'  s  b-r^.   Then  by  Lemma  (i) , 


jaCt)  =  ^(t^(r^Ur2))  +  u  (t- (r^Ur2)  ) 

=  ii(tnr^)  +  il(tnr2)  -I-  Hit- {r  ^Ur  ^)  }  , 

■,C\r^   =  0.   Since  t  G  aUb,  we  have  t-- (r  Ur„)  s 
12  J.   2 

(a-r  )U(b-r2)j  so  that  by  Lemma  (h)  ,  [i  {t- {r^[Jr ^)  )    e    3U, 


since  r 


and 


ia(t)  -  (ri(tnr^)  +M(tnr2))  e  3U. 
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By   Lemma    (i)  ,    since   tOa-r      s:    a~r,    and    (t-a)-r2    ^  ^~'^2' 


Ij(tna)    -   ^{t^r^)    =   li(tna-r^)    £    U, 


(t-a)    -   \A{tf]:^)    =  [i{{t-a)-r^)    e    U. 


Thus   ^(t)    -     {M(tna)    +   ^(t-a))    6    5U. 

Lemma    (k)      Let   a      c   s   e    P(Q),    n£'~a ,    so   that 

a     I    a.      Then  [I  (a)    -   lim      !J(a    ). 
n  n  n 

Proof      Let   U, (V. ) .    be  balanced,    closed   neighborhoods 

so   that  /•_r)  V.    s  u,    neuu.      By  Leirma    (g)  ,    choose   r   ea  (R)  ,    nGUO, 

so   that   a      Gr,g(r)-|a(a)eV,    and   for   teM-  with 
n  n'     -•      n  n  n'  l-i 

t<5r      -a,ia(t)€V.      Let   s    ,    =  '^ ,    and   s      -   U.    ,    r.,    netu. 
n  n^  n  -1  '  n  i=l      i-" 

Then   s      -    r      =   U^   ^(r.-s.    ,-r    ),    neuu.      Let   c.    =   r.-s.    -.-r^, 
n  n  1=0      1      1-1      n    '  i  i      i~l      n' 

0  ^  i  ^  n.   Then  (c).  ^  is  disjoint;  also  c.  e  M-  by 
1  1=0        -*  1     H   -^ 

Theorem  1.11  (1)  and  Lemma  (j).   Since  c.  S  r.-a   s  r.-a., 

-^  1     1   n    1   x' 

t  e  Mq  implies  u(tnc.)  e  V.,   Thus  since  ili  is  finitely 
additive  on  M- ,  for  any  t€M-  we  have 


(tn(s  -r  ))  =  y.  ^  fl(tnc.  ) 

n   n     ^1=0       1 
€  y^  ,.  V.  c  U. 

L^±=0        1 
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Let    a'    =U.r.    =U.s..    so   that    a   s    a'Ga(R).    and   choose 

11X1 

bea(R)    v/ith    a   s  b   £    a'    and  g(b)    -   ia(a)eN.       Then    for    all 

new, 

g(bns    )    -    g(bnr    )    =  fl  (bO  (s   -r    )  )    €    U. 
^  n  .1  n      n 

Since    a      ^   bflr   ea  (R)  ,    g(bnr    )    -   i!I(a    )    e    V     by   the   choice 
n  n  ^  n  '^      n  n     ^ 

of   a    .      Hence   g(bris    )-Ll(a)6U+V      c:2u.       Since  by 
n  ^  n  "^      n  n  -^ 

Leirana    (f),    lim     g(bns    )    =  g(b),    there   is    an  Ng^jd    so   that, 
for   n   ^    N,    g(b)    -    g{bns    )    e    U.       But   then 

j:(a)    -   ii(a^)    =    01  (a)    -    g(b))    -1-     (g(b)    -    gCbHs.J) 

+    (g(bns^)    -   !i(a^)) 

€    u  -;■   U   +    2U   =  4U. 


Leinina    (1)       Let    (a    )       s  M- ,    a    fa.      Then   aeM- . 
^ — ~  n   n  li^       n  [i 

Proof      Let   t   e    se!P(Q).      Define   r      =    a   U  (s-a)  . 
n  n 

Then   r   eP  (Cl)  ,    new,    r    T  r,    and  t   -  U    (tPlr    ),    so  by 
n  '  '      n        -^  n  n^  -^ 

Lemma    (k) 

^{t)    =    lim^  il(tnr^) 

=   li.n       {U(tna^)    +   U(tnr   -a    )) 
n  n  n      n 


lim       ([i(tna    )    +   |i{t-a)  ) 


=   !J(tna)    +   |i(t-a)  . 
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Proof  of  the  theorem   By  Theorem  1,11  (1), 
since  jj  is  defined  on  f  (Q)  ,    M-  is  an  algebra_,  and  in 
fact  by  Lemma  (1),  M   is  a  a-algebra.   By  Lemjna  (k) 
jj  is  countably  additive  on  M- .   Since  ja/  =9/      =  U, 

\1    is  the  desired  extension.   D 

The  following  theorem,  v/hich  v/e  state  without 
proof  (See  Dunford  and  Schv/artz  [6]),  is  v;ell  known  and 

space 


13  listed  for  completeness.   The  set  ca(Q  ^)  is  the 


of   countably   additive,    scalar-valued  measures   )j    on    a 
a-algebi-a  )  ,    v/ith   nos.-^   q  tven  by 

Il^l  I  =  v(^)  (Q). 

A  set  K  s  E  is  weakly  sequentially  compact  if 
every  sequence  (k . ) .  ^   K   has  a  subsequence  (k . . ) .  which 

converges  in  E  in  the  weak  topology.   V7e  shall  write 
^j_  ^,  k  if  a  sequence  (k .  )  .  converges  weakly  to  k. 

1.13   Theorem.   A  set  (1^^^)^  ^  ca(Q,2^)  is  weakly  sequentially 

compact  if  and  only  if  {[i    )    is  uniformly  bounded  and 

uniformly  countably  additive. 

V7e  recall  that  {[i    )  is  uniformly  countably 

additive  when  r^  i    0  implies  lim^  \i    (r.)  =0  uniformly  in 

aeA.   (See  Cunford  and  Schwartz  [6].) 
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One  of  our  major  interests  in  the  next  chapter  is 
that  of  generalizing  the  Bartle-Dunford-Schv/artz  Theorem 
(Bartle,  Dunford,  and  Schv/artz  [1]),  our  Theorem  1.15.  The 
previous  proofs  (Bartle,  Dunford^  and  Schwartz  [1]  and 
Gould  [7])  of  Theorem  1.15  reduce  it,  as  we  do,  to  the 
theorem  proved  in  1.14.   Our  proof  of  Theorem  1.14  uses 
no  machinery  outside  of  some  elementary  properties  of  the 
variation  of  a  countably  additive,  scalar-valued  measure, 
and  it  is  both  shorter  and  more  elementary  than  the  earlier 
proofs. 

1.14   Theorem.   Let  (u  )   ^  ca(Q,)).   If  (n  )  is  uniformly 

countably  additive,  then  there  is  a  countably  additive 
\  ^  0  on  y  such  that 

U  <<  > ,  uniformly  in  a. 

a     ' 

Proof  Vie   shall  first  prove  that  for  any  e  >  0, 

there  is  a  6(e)  >  0  and  a  finite  set  (ij..)._t  ^    (a  ) 

1    1— X  ex 

such   that  v([i.  )  (s)    <   6  (e)  ,  1    ^   i    ^   n, 

implies 


wnere   s    is  •  ar 


.ly   element   of  /  .       Suppose  we    deny   this    for 


;ome   £   >   0.      Choose  li^sdi    ).      There   exists    a  n^e(u    )    and 

la  ^        a 
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an  s,e)  such  that 

1  L-' 


k     V        k+1 
If  we  have  a  sequence  (s  )  ..,  s  >  and  (p.)  .  _,  such  that 

..  1-  J.   1—1  X  X— X 

(1)  v(u.)  (s.)  <  -^^  ,  ,  1  ^  i  ^  j  <  k, 

(2)  1  |ij+;L^^j'"  '  ^  ^'  1  ^  j  ^  k, 

k+1 
then  for  the  sequence  ((i.)  ._,  s  (|i  )  we  can  find  a 

ri 
|a,  ,  „  G  (li  )  and  s.  ,  ^  G/  £uch  that 
'^k+2   'a       k+1  Z- 

^(^i)(^k+l)  <-lk+2'  1  ^  i  ^k. 


while 

I>^k+2(^k+l)l  ^  ^- 

Thus  (1)  and  (2)  above  hold  for  j  ^  i  ^  1  and  j  ^  1 

respectively.   Define  t   =  U.^  s..   Then  for  i  ^  n 
^        '  n    xs:n  X 


(u,)(v  .5;.^^v(M.)(s.) 

^n^n   2^' 


-j;.^   ,.  +  1  -   on  * 


while 
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u     ,  (t  )  I   s   hi       fs  ) !   -   |^  ^, (t  -s  ) 

n+l      n    '  '    n+1      n    '  '    n+1      n      n' 


s    e   -   V  (|a    ,  ,  )  (t    -s    ) 
^n+1         n      n 


^   e    -   v(vi^+i)(Vi) 


^     6 


/2' 

If  v/e    define    t   =  0    t    ,    then   U.  (t)    =0,    i   ^    1,    so   that 
we  have 

t       -    t     sl^    0 

n 

while 

contradicting  the  uniform  countable  additivity  of  (u  ) . 

For  convenience,  let  6   =6(2   )  and 
'       n 

X   =  )     V  (u  .  )  , 

where  (u  . )^  ,  is  the  set  found  above  corresponding  to 
'  ni  x=l 

6  =  2~".   Then  defining  for  S62^, 

v/G  have  a  countably  additive  measure  X  ^  0  on  2^.   Also, 
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if  se),  then 

X(s)  <  6^  .  2"V(1  -^  >--!  (^)) 


implies 


and  so  that 


v(u^^.)  (s)  <  5^,  1  ^  i  ^  n. 


^^  (s)  I  <  — -  ,  a€A. 


a         2^ 
Thus  X  is  the  desired  measure.   D 

V 
1.15   Theorem.   If  li;  )  --»  E  is  a  countably  additive 

measure^  then  there  exists,  for  each  continuous  semi-norm 
p,  a  countably  additive  measure  \      ^  0  on  /  such  that 

M  «   \  . 
P   P 

Also,  X   may  be  chosen  so  that  for  se^ , 

X„(s)  ^  sup{p(u(r)):  r  c  s,  re)}. 
P  ^ 

Proof      Fix  p    a   continuous    semi-norm   on    E.       Let 

(|i    )  be   the    set    (  xli  :    xgE",     |x|     ^   p]  .      Then    (u    )       is 

ex   CIS  a  oc  cc 

uniformly   countably   additive    since    s.    i    0    implies    for 
e   >   0   there   is    an  NeuJ    such   thac 
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U^(Si)  I    =    lx^(|j(s.))  I    ^   p(ii(s.)) 


<   e,  i   s   N. 

Since   U    is    countably   additive^    U    is   bounded.       Tlius   by 
the    first    line    in   the    inecjuality    above^     (|a    )       s    c.a(Q,)). 

By  Theorem  1.14,  \      exists  such  that 
P 

M-   «  X  , 

a     p 

uniformly  in  a.   Thus  for  e  >  0  there  is  a  6  >  0  such  that 
for  all  a, 

|u^(s)  ;  <  e  if  X  (s)  <  6. 

But  then  if  X  (s)  <  6, 

p       ■*  . 

p{u(s))  =  sup[ |xu(s) I :  X£E',  |x|  ^p} 
=  sup{  Iia^(s)  I  :  aeA) 
^  e. 
To  see  that  we  may  require  X  (s)  ^  d(m) (s) ,  se) ,  consider 

p  /L, 

the   choice   of   X      in   Theorem    1.14.       For    se) , 

V   -l,--\i  ■  TTT-rm    E^,x  v(^.  .)(s) 


^   sup[v  (u.  .  )  (s)  :  ie'x^    1   <    j    :^   n=n(i)) 


^   supf  V  (ji    )  (s)  :    at  A} 
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^'   4  s-ap[  I  M   I  (s)  :  afZA} 

:=  4  sup{  In  (r)  I  :  r  s  s,  re^^,  aeA] 

s  4  sup[p(!a\.r)  )  :  r  ^  s,  'i^e)^}  • 

If  we  define  X'  =  —7—   X  ,  X'  has  all  the  desired 
p    4    p   p 

properties.   D 

Both  Bartle,  Dunford  and  Schv/artz  [1]  and  Gould  [7^ 
proved  Theorem  2.15  fox"  a  c-algebra.   Dinculeanu  and 
Kluvanek  [5]  then  extended  the  theorem  to  measures  on 
a-ring  by  reducing  this  case  to  the  case  of  a  a-algebra. 
With  our  proof  this  extra  work  can  be  eliminated.   In 
fact  if  > . (Q)  is  replaced  by  a  bound  B.  for  > .  on  ) ,  the 

proofs  of  2.1^  and  2.15  are  valid  for  a  a-ring. 


CHT^TER  II 

The  Bar tle-Dunf or d- Schwartz  Theorem 
For  Strongly  Bounded  Measures 

When  wording  with  finitely  additive  measures, 
it  is  frequently  necessary  to  impose  various  conditions 
on  the  measure  or  its  range  space  in  order  to  obtain 
meaningful  results.   At  the  same  time  any  such  condition 
should  satisfy  the  following:   (1)   the  condition  should 
not  be  too  restrictive,  and  (2)   it  should  have  a  natural 
form.   One  such  condition  is  contained  in  the  following 
definition. 

2,1   Definition.   A  finitely  additive  measure  [i :  R  ->  E  is 
strongly  bounded  if,  given  a  disjoint  sequence  ^r^)  s  R, 

lim.  [i{r.)    =   0. 

We  note  from  condition  (2)  of  Theorem  2.2  below 
that  a  strongly  bounded  measure  U  is  "almost"  countably 
additive.   Yet  as  we  shall  see  later,  for  many  spaces, 
every  bounded  measure  M  is  strongly  bounded!   Strongly 
bounded,  finitely  additive  measures  were  first  considered 
in  Rickart  [14] .   Since  every  countably  additive  measure 
u  on  a  a-ring  is  strongly  bounded,  it  is  perhaps  under- 
standable that  very  little  work  v;as  done  using  the 
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condition  until  the  v.-ork  of  Brooks  and  Jewitt  [3],  where 
the  condition  of  strong  boundedness  plays  a  fundaiiiental 
role  in  the  study  of  finitely  additive  vector  measures. 

2.2   Theorem.   For  a  finitely  additive  measure  ^i :  R  -*  E, 
the  following  are  equivalent: 

(1)  ii  is  strongly  bounded; 

(2)  given  a  disjoint  sequence  (r.)  s  R, 

y.  M(r.)  e  E; 

(3)  given   a  rr'^nocone    increasing    seqiience    (r^)    "^   R, 


lim.    |i  (r .  )    e    E; 


(4)   given  a  disjoint  sequence  (r.)  g  R, 
liH,^_„  P(U)(U5;,„  r.)  =0; 

for  each  continuous  semi- norm  p. 

Proof  We  shall  show  (1-4-3-2-1). 

(1  -  4) :   Deny  (4) .   Then  for  some  e  >  0  and  some 
continuous  semi-norm  p,  there  exists  a  double  sequence 
(m.,  n.).  such  that  m..,  ^  n .  ,  ,  >  m .  ,  je'^,  and 

m  ■  m-i 

p(n)(U.^       'r.)    >   e,    jf^'JU.      Defining    s.    -   U.:i        r .  ,    v/e  have 
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(s.)  .  ^  R  a  disjoj.nt  sequence  such  that  p((a)  {s_.)  >  e,  je'-U. 
If  we  choose  t.eR.  t.  s  s..  such  that  p  (u  (t . )  )  >  e.  v/e 
clearly  contradict  (1)  with  the  sequence  (t . ) . 

(4  -  3):   Let  (r.)  be  a  monotone  increasina  sequence 
in  R.   Defining  s.,,  =  r.,T  -  r.,    ieu;,  v/e  have  (s.,,).  .,  ^  R 

X+X       X-r  X       X  X+X  X£oJ 

disjoint.   Then  by  (4),  if  g  >  0,  and  p,  a  continuous 

semi-norm,  are  fixed,  there  exists  an  Nsjj  such  that 

PvUCj"^   ,T  s.))  <  e  for  all  m  ^  n  ^  N.   Since 
^  x=n+l   X 

'^^^i-n+l  ^i^  "  ^^""m^  ~  ^^"-"n^^  '"'^  ^''''-  ^^^ ' 

(3  -*  2):   Let  (r.)  e  R  be  disjoint.   Tnen  since 

(U.  ,  r.)   is  a  monotone  increasing  sequence  in  R. 

1=1   X  n  3    -a  J  . 

exists  in  S. 

(2  -  1)  :   Since  the  sum  convex'ges  in  E,  the  terms 
must  convex-ge  to  0  in  E.   D 

2.3   Corollary   If  U  is  strongly  bounded,  then 

lim.  l-i  (r .  )  €  E, 

for  any  monotone  sequence  (r.)  e  R. 

Proof   If  (r.)  is  mionotona  decreasing  in  R,  then 
(r-  -  r    )  .  is  disjoint  in  R,  so  that  as  in  (4  ->  3)  above, 

1       l-rl   1 
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n-1 


p(p(r  )  -u(r))  -  ?().    '^(r.-r    ))  -   0, 
m    ■    n       ^^1=^     1   x-ri   n,m 


providing  m  ^  n.   D 

2.4   Exanaple   If  E  is  not  restricted,  then  the  on\y 
condition  on  R  that  will  insure  that  a  finitely  additive 
measure  p:  R  -  E  is  strongly  bounded,  is  that  R  be  finite, 
In  fact  let  R  be  an  infinite  set,  as  well  as  a  ring,  and 
choose  E  =  Z^{R) ,    the  Banach  space  of  bounded,  measurable 

functions  f  on  Q  with  the  supremum  norm, 

I  If  I  1^  ■  sup{  |f(x)|:  xeQ). 

We  shall  show  that  there  exists  a  disjoint  sequence 
(r^)^  of  non-null  sets  in  R.   Given  that,  define 

M:  R  -  4:^(R)  by 

U (r)  =  ?^,  reR. 

Then  |ln(r^)||^  =  1,  ie'JJ,  so  that  u  is  not  strorgly 

bounded.   To  prove  our  earlier  assertion,  suppose  such  a 
sequence  does  not  exist  in  R.   Then  there  is  a  disjoint 
(r^^^)^^^  s  R  of  non-null  sets  such  that  reR  implies 

^   ^   ^i^l  ^li*   ^"^^  "^^y   assume  n,  s  2.   Since  R  is  infinite 


it  least 


one  of  {R/^   ].  t  js  infinite  also.   Say  R/ 
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"2 

Then  we  can  find  a  disjoint  (r^.) .  ,  s  R/     of  non-null 

21  x=l     ^r^^^ 

I  111 
sets  such  that  reR/     mplxes  r  s  u.    r_..   Again  we  can 
^^11  ^"-^1   21 

take  n~  ^  2.   Continuing  by  induction  we  get  (r.  .)  .  .,  ,  n.^2, 
2  n   J  ^      ij  j=.  -   1   ' 

^i      ::)  ^i+1 
such  that  for  all  i,  U.,  r..l-U.  ,  ^  ■  , -,     ••   Denoting 

nj 

U  .  ,  r .  .  by  r.,  (r.  -  r.  ^).  is  a  disiomt  sequence  in 

j=l      ij  l'         1  1+1   1  -)  ~L 

R  since  r.  2  r .  ,  ,  ;  since  r.  ?^  r.,,  for  all  i,    none  of  the 
1     1+1  1     1+1 

sets  are  null. 

Having  seen  that  boundedness  and  strong  boundedness 

are  different  concepts,  the  natural  question  is  \inder  what 

conditions  does  one  of  these  concepts  iraply  the  other? 

The  first  result  in  this  direction  was  proved  by  Rickart 

[14]  .   Becaiise  of  its  importance,  we  state  it  as  a  theorem 

without  proof. 

2.5  Theorem.   A  finitely  additive  m.easure  [i:    R  ->  E  is 
bounded  v/hen  it  is  strongly  bounded. 

Tliis  theorem  is  a  corollary  to  Theorem  2.16  below. 
Rickart  [14]  also  noted  that  if  E  is  an  Euclidian  n-space, 
the  two  concepts  are  identical. 

2.6  Theorem.   Let  \ii    R  -*   R      be  a  finitely  additive 
measure.   Tlien  U  is  strongly  bounded  if  and  only  if  U 
is  bounded. 
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Proof   The  necessity  is  Theorem  2.5.   Conversely, 
if  ij  is  bounded,  so  is  n.yx,    1  ^  i  ^  n,  where  n.  is  the' 

i""   projection  map.   If  v/e  prove  the  sufficiency  for 
real-valued  measures,  th-^n  ^  .\l    is  strongly  boundei  for 

1  ^  i  -^s  n,  so  that  U  is  also  strongly  bounded.   Thus  let 
|J:  R  -•  5^;  U  =  li   -  U~,  so  that  if  U  is  not  strongly 

bounded,  at  least  one  of  [1    ,    \1      is  also  not  strongly 

+ 
bounded.   We  assume  u   is  not  strongly  bounded.   Then 

there  is  some  6  >  0  and  some  disjoint  sequence  (r.) .  s  R 

such    that   \Jl    (r.)    >    a,    ieo-'.       But   then    if   s.    =   U.    ^    r., 
1  '  1  T-l       x' 


we   have    (s.  )  .    ^»   R  while 
1    1 


+ 


v'     „+ 


>.//'Tl-tV-'--y''xc,  isu), 

1  Z_.]=l  1 


Thus  n   is  not  loounded,  so  that  by  (2)  of  Corollary  1.4, 
|.i  is  not  bounded.   D 


2.7   Corollary.   If  la:  R  -^  R  is  a  finitely  additive 
measure,  then  \J.    is  strongly  bounded  if  and  only  if 
U   and  \l      are  strongly  bounded. 


Proof   By  (2)  of  Corollary  1.4,  ^i  is  bounded 

+ 
if  and  only  if  ji   and  n   are  bounded.   D 

2^.ong  the  spaces  E  in  v/hicii  boundedness  and  strong 

boundedness  are  equivalent  is  the  space  ba(n,A),  the 


40 


space  of  bounded,  finitely  additive,  scalar-valued 
measures  [i   on  an  algebra  A  with  norm  |  |ul  |  =  v(u)  (Q),  . 
which  will  be  considered  in  Chapter  3.   That  the  two 
conditions  are  equivalent  follcv/s  immediately  from  the 
next  theorem,  since  ba(n^A)  is  weakly  sequentially 
complete  (Dunford  and  Schwartz,  [6]).   A  space  E  is 
weakly  sequentially  complete  if  every  sequence  Cauchy 
in  E  with  the  v/eak  to^Dology  converges  weakly  in  E, 

2.8   Theorem.   Let  n :  R  ->  E  be  a  finitely  additive 
measure  into  a  weakly  sequentially  complete  space.   Then 
\l    is  strongly  bounded  if  and  only  if  \j    is  bounded. 

Proof   We  need  only  to  show  that  a  bounded  measure 
is  strongly  bounded,  t -  nee  the  converse  implication 
is  Theorem  2.5  .   Since  U  is  bounded,  xU  is  also  bounded 
and  hence  strongly  bounded,  for  xeE' .   Thus  if  (r.)  £  R 

is  monotone,  xu(r.)  converges,  xeE,  so  that  y(r.) 

converges  weakly  to  some  point  esE  since  E  is  weakly 
sequentially  complete.   Tlierefore,  if  (s.)  c  R  is  a 

disjoint  sequence. 


y.  W(s.)  =  lim.  ii{U^  ^  s.) 


exists  in  E  given  its  weak  ':opology.   Since  this  is  also 
trt;e  for  any  subsequence  of  (s.),  the  Orlicz-Pettis 
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Theorem  (McArthur  [12] )  says  that,  in  particular, 

converges  in  E.   Thus  ',-1  ?s    strongly  bounded  by 
Theorem  2.2(2).   D 

2.9   Corollary.   Ifli:R-Eisa  finitely  additive 
measure  into  a  semi-reflexive  space,  then  jj  i?  bounded 
only  when  ij  is  strongly  bounded. 

Proof   Any  semi-reflexive  space  is  weakly 
sequentially  complete  (Kothe  [11] ) .   n 

Along  with  the  condition  of  strong  boundedness 
of  a  measure  U  is  the  condition  of  uniform  strong  boundedness 
of  a  set  (u  )   of  measures  with  a  common  range  space.   This 

notion  v/ill  be  used  extensively  in  Chapter  3. 


2.10   Definition   Let  (u  )  be  a  set  of  finitely  additive 
m.easures  on  R  into  E.   Then  {\l    )  is  uniformly  strongly 
bounded  if  (r.) .  disjoint  in  R  implies 


.im.  u^(r.)  ^  0, 


uniformly  in  a. 


We  next  establish  some  equivalent  conditions 
to  uniform  strong  boundedness.   Condition  (6)  of  Theorem 
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2,11  is  the  form  of  uniform  strong  boundedness  used  by- 
Brooks  and  Jev;itt  [3]^  where  it  is  called  "uniform 
additivity" . 


2.11   Theorem.   For  a  se  :  ('^  )  of  finitely  additive 

measures  on  R  into  E,    the  following  are  equivalent: 

(1)   (u  )  is  uniformly  strongly  bounded; 
'  '   '  a 


(2)   given  (r.)  disjoint  in  R, 

y.  U  (r.) 
Li      ax 


converges  unifomily  in  a  to  a  poiiit  in  E; 

(3)  if  (r.)  is  monotone  increasing  in  R^  then  • 

u  (r.)  converges  uniformly  in  a  to  a  point 
a   1 

in  E; 

(4)  given  (r.)  disjoint  in  R, 


lim    p(u  )  (U"    r.)  -  0, 
m^n  ^      a        i=m   i      ' 


uniformly  in  a,    for  each  continuous  semi-norm  p; 

(5)  for  each  continuous  semi-norm  p,  if 
(xg)  s  E'  and  Ixgl  ^  p,  3e^, 

then  (Xo  U  )   n  is  uniformly  strongly  bounded. 

o   o:  a ,  p  ' 

(6)  given  (r.)  disjoint  in  R, 

lim  y.  -n  r    .    ^    {r.)    =   0, 
n  Lxedf)  [n,")   a   i 
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umiformly  in  aeG  and  in  A  s  uu. 

Proof   We  show  (l-»5-'4->3-»2-l)  and 
(4  -  6  ->  1). 

(1  -♦  53   Let  (r^  )  .  be  a  disjoint  sequence  ^n  1^. 

Then  if  e  >  0,,  there  exists  an  New    such  that 

p(M  (r.))  <  (£  for  i  s  N  and  aeG.   Since  I  x„  u  (r.)| 

^   p(ii     (r.))j     Cxg    la    )    is   uniformly    strongly  bounded. 

(5    -•»   45       Deny    (4).       Then    for    some   e    >   0,    if 

ie'.y,    there    are   n.,    m.e'JJ   with    n.    ^   ra.    s    i    and  u      €  (u    ) 
11  11  a.         a 

1 

^i 
such  that  P  (l-i   )  (U.  ^   r.)  >  e.   Clearly  we  may  assume 

i    -^   i   -^ 


ni.,1  >  n.  .   Then  defining  s .  =  U  .  "^    r  .  ,  we  have  (s.)  s  R. 
1+1     1  1     i=m.   i  1 

1   -^ 

disjoint  such  that  p  (fi   )(s.)  >  e,    ie'i).   Choooing 

i 

t^sR,  t^  c:  s^  such  that  P  (!-i   (t.))  >  e,    we  contradict  (5)  by 

i 

choosing  x.sS'  v;ith  Ix  u   (t.)I  =  p  (u   (t.). 
1  '  1  a.   1  '    ^   a.   1 

1  1 

(4  -•  3  —  2  ->  1)   These  follow  as  in  the  proof  of 
Theorem  2.2,  allowing  ^l  to  run  over  the  |-i  . 

(4-6)   If  p  is  a  continuous  semi-nor:a  on  E, 
P(Ii6An[n,co)  ^^a^^i^)  ^li^n  P(^)(^i^ 
so  tliat  the  limit  in  (5)  is  uniform  in  A  g  o). 
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(6  -*  1)   Let  A  =  w .   Then  since  the  sum  in  (5) 
is  uniform  in  a,  H  (r.)  converges  to  0  uniformly  in  a.   D 

2.12   Corollary.   If  n  :  R  -^  R  ,  aeG,  then  the  follov/ing 

are  equivalent. 

(1)  (u  )  is  uniformly  strongly  bounded; 

(2)  given  a  disjoint  (r.).  s  R^ 

converges  in  'R   uniforraly  in  a; 

(3)  given  a  disjoint  (i^j^)j^  -  ^t 

lira  y.     .^.         .     \\i    {r.)\    =   0 

uniformly  in  A  s  lu  and  in  aeG, 

Proof   Suppose  (1)  holds.   We  can  assumie  that  !i 
is  real  valued  since  (2)  will  hold  v/hen  (2)  holds  for  each 
TT.a.  1  ^  i  ^  n,  where  tt  .  is  the  i    projection  m.ap .   But 

for  m,  neuu  there  is  a  A  ^  [in,n]  such  that 

^  2  sup{|^^g^,  W(r^)|:  A'  £  [m,n]], 
so  that  (2)  holds  by  (4)  of  Theorem  2.11.   (2-3-1)  is 
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obvious,   n 

2.13   Corollary.   IfU:R-Eisa  finitely  additive 
raeasuroj  then  u  is  strongly  bounded  if  and  only  if^  for 
aach  continuous  semi-norr  p,  if  (x  )  s  e'  and 

\x    I  ^  p,  asG,  then  (x  \i)    is  uniformly  strongly  bounded. 


2.14   Corollary.   If  ((i  )  is  as  in  the  above  theorem,  but 
^        (J 

E  is  a  Banach  space,  then  the  following  are  equivalent: 

(1)  (u  )  is  uniformly  strongly  bounded; 

(2)  If  (r.)  is  pair-wise-disjoint  in  R,  then 

lim    1  lu  I  I  (U"   r.)  =  0, 


uniformly  in  a; 
(3)   if  (xg)  s  E',  llxgll  -^  1,  ?-e^,    thon 

(x^  U  )   o  is  uniformly  strongly  bounded. 


Proof   The  proof  of  Theorem  2.11  holds  if  the 
p's  are  restricted  to  any  set  of  continuous  semi-norms 
which  generates  the  topology  on  S.   D 

Having  seen  the  relations  betv/een  boundedness  and 
strong  boundedness,  one  might  hope  for  similar  relations 
betv/een  the  corresponding  uniform,  conditions.   The  following 
sim.plo  examples  show,  hovrever,  that  the  conditions  are  not 
comparable. 
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2.15      Example.       Let    (r.)    be    a   disjoint   sequence   of 
non-niall    sets,    and   let   R  be   the    ring   generated  by    (r.)  . 
We    define    6..=lifi    =   j,    6..=0   other\vise, 

(1)  Let  li  .  :    R  —    ?      be    the  meas\;re   detemiined  by 

U . (r . )  =  S . . .   Then  (u . ) .  is  uniformly  bounded 

by  1,  but  obviously  ((a.)  is  not  uniformly  strongly 
bounded. 

(2)  Let  la .  :  R  ->  S   be  the  m.easure  determined  by 

u. (r.)  =  i  6, ..   Then  (u . )  is  not  uniformly 
1   J        Ij  1 

bounded,  but  it  is  uniformly  strongly  bounded. 

The  next  theorem  shows  that  it  was  not  an  accident 
in  (2)  above  that  the  sequence  (u . )  was  unbounded  on  a 
single  reR.   Example  (1)  above  shov/s  that  the  converse  of 
Theorem  2.16  fails. 


2.16   Theorem.   Let  n  :  R  -  E,  aeG  be  finitely  additive 

measures.   If  (u  )  is  uniformly  strongly  bounded  and 

ooint-wise  bounded,  then  (u  )  is  uniformly  bounded. 

a 


Proof   Let  p  be  a  continuous  sem^i-norm  on  E. 
For  rsR,  we  define  B(r)  =  sup[p(u  (r)):  aeG]  and 

S(r)  =  &up{3(s):  seR,  s  c  r] .   Since  (U^)  is  point-wise 
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bounded,  v;e  have  B(r)  <  »,  reR,  by  definition.   We 
first  show  that  {[i    )    is  p-bounded  on  R/  ,    the  algebx^a 

induced  by  R  on  one  of  its  elements  r.   Suppose  not,  and 
let  t-  =  r.   Then  S(t_)  -  ",  so  that  there  exists 

s^eR,    s,    s   r   such   that    for   some  u      e  (la    )  , 
1      '       1  a,         a    ' 

p  (u       (sj)    >    B(t_)    +    n^  ,    where    n^    =   B{t-)    +    1.      Then 

CC-]         i  U  1  JL  (J 

p (U       (s    ))    >   n,    obviously,    while 


1 


p(u^_^(tQ-s^))  >  P(u^^(s3^))  -  pd^^Cto) 


^   P(M^^(Si))    -    B(tQ) 


also.   We  choose  t,  to  be  s^  or  t-^  -  s  ,  so  that 

S  (t,  )  =  <=°.   Suppose  we  have  a  monotone  decreasing 

sequence  (t.) .  „  so  that  defining  n.  =   B{t.  ,^  +  1, 
^  2.    x=0  ^1        1-1       * 

1    ^    i    ^  m,    we  have    for    some     {\Jl      )  .     -,    ^-    (H    )  , 

a .    x=l  a 


and 


(1)       P(u^.(t,))    >   n.. 


(2)       S(t^)    -    <-, 
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for  1  ^  i  ^  iT\.   Setting  n  ,,  =  3(t  )  +  1,  we  may  choose 

by  (2)  above,  an  s  '  , , eR,  s  ,,  s  t  ,  so  that 
^     "-    '  •»      m+1     m+1    m' 


p(U     (s  _^,  ))  >  B(t  )  +  n  ^,  . 
%+l   ^"^^        ^  ^^^ 


As   before,    v/e    also  have   p  (u  (t      -    s    ,t))    >   n    ,,. 

'  a    ,  T      ra  ni+ 1  m+1 

m+1 

Choose    t    , ,    to   be    s    . ,    on   t      -    s    , , .    so   that   S (t    , , )    = 
m+1  m-.  1  ra  m+1  m+1 

Thus   v/e  have    (\l      )  .         t;     ((i    )     and    (t.  )  ..  ^    s   R   such   that 
a^   i>0  a  x'x^O 

(1)     above  holds    for    i    >   0   when   n.    =    B(t.     ,)    +    1.       But 

1       1-1 

then 


^  1, 


contradicting  the  uniform  strong  boundedness  of  (U  ) . 

Now  suppose  that  {\l    )    is  not  p-bcunded  on  R. 

A 

Then  there  exists  (r.)  s  R  such  that  p (u   (r.))  I  « 

1  ^   a.   1 

where  (|-l   )  s  (u  )  .   We  may  also  require  that,  for  lew, 
x+± 
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Defining  s^^^  =  r^^^^  -  (U^^^  r_.  )  ,  iew,  we  see  that 

P^V^/^i.l^)  ^^^^V/^i.!))  -P^V/-i-M^^=l-j))) 

i+1 

so  that  we  again  contradict  the  uniform  strong  boundedness 
of  the  (U^) ,  since  the  (s^)  g  R  pair-wise-disjoint. 

Since  p  v;as  an  arbitrary  continuous  semi-norm  on 
E,  (p^)  is  bounded.   D 

2.17  Remark .   As  we  have  seen  in  Example  2.15,  Theorem  2.16 
is  falsa,  in  general,  if  (p^)  is  not  reqviired  to  be 

point-wise  bounded.  This  is  so  even  if  E  is  restricted 
to  be  the  scalars.  Thus  since  a  set  K  G  ba(Q,A)  must  be 
bounded  if  it  is  weakly  sequentially  compact,  the  suffi- 
ciency in  Theorem  IV  9.12  of  Dunford  and  Schwartz  [6]  is 
false  without  the  added  hypothesis  that  K  be  bounded  (or 
at  least  point-wise  bounded,  using  Theorem  2.16). 

2.18  Theorem.  Let  (u^)  be  a  set  of  finitely  additive 
measures  on  R  into  ff.  Then  (m^)  is  uniformly  strongly 
bounded  if  and  only  if  (p^)  and  (u~)  are  uniformly  strongly 
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bounded. 

Proof   Since  |:a(r)|  ^  v  (u)  (r)  =  u"*'(r)  +  u"  (r)  , 

reR,  by  Theorem  1.13,  the  sufficiency  is  obvious.   Suppose 

-f- 

(U    )    is    not   uniformly    st_ongly  bounded.      Then    for    so.ae 

(r .  )    s   R  pair-v/ise--disjoint.    there    exist    inteaers   m.    and 

\x      €  (|a    )  ,    ieoj,    such    that  ra.    (     ^    <»,    and    for   sorae    e    >   0, 
i 

For   each   ieiu,    if  m.    ^   j    <  ^^  ,-]    and  \x       (r.)    >   0,    choose 

i   -' 

s.eR,  s.  s  r.  so  that  \i       (s.)  >  ^  U   (r.);  other^v^ise  choose 

J       J      -1-  '-^^l      •^CC-l 

s.  =  0.   Since  (u  )  is  uniformly  strongly  bounded,  there 
exists  an  Neiu  such  that  n  ^  N  implies 

iV.^   ^  (s.)  I  <  "^A, 
for  every  aeG.   But  if  m.  ^  N, 

1      X+1     1   -^ 

a  contradiction.   n 
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2.19  Example.   Let  R  be  the  ring  of  all  subsets  of  K 

of  finite  Lebesque  measure.   Then  R  is  obviously  a  o-ring. 
If  [i  is  the  Lebesque  measure  on  ^,    then  U/   is  a  countably 

additive,  non-negative,  finite-valued  measure  on  a  6-ring 
which  is  not  bounded. 

Since  any  vector  measure  on  a  a-ring  is  bounded. 

Theorem  2.20  below  is  a  generalization  of  the  Bartle- 

Dunford- Schwartz  Theorem,  Theorem  1.15,  for  measures  on  a 

6-ring.   Example  2.19  shov;s  that  it  is  necessary  in 

Theorem  2.20  to  assume  that  each  X   is  bounded  since  the 

P 

X  there  is  absolutely  continuous  with  respect  to  itself 
but  is  not  strongly  bounded. 

2.20  Theorem.   If  ^:  R  -♦  E  is  a  countably  additive 

measure  on  a  6-ring  R,  then  U  is  strongly  bounded  if  and 

only  if,  for  each  continuous  semi-norm  p,  |J  has  a  bounded 

p-control  measure  X  . 
P 

Proof   (  ^  )   A  basic  neighborhood  of  0  in  E  is 
of  the  form  [eeE:  p. (e)  ^1,  1  ^  i  ^  n] .   Let  (r . )  be 

disjoint  in  R.   Then  for  1  ^  i  ^  n  there  exists  an  N.eeu 

such  that  j  ^  N.  implies  X   (r.)  <  6.(1).   If 
-"  1    ^  P-   j      1 

N  ^-  max  [N.  :  1  ^    i  ^  nj  ,  then  j  ^  N  implies  p .  (u  ( r  . )  )  <  1, 
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1  ^  i  ^  n.   Thus  i-i  (r . )  -^^  0. 

D   D 

(-)   We  assume  u  ^  0.   Then  by  Zorn's  Lerrai:ia,  there 
is  a  set  M  of  pair-wise  disjoint  elements  of  R  for  which 
u  (r^  ^   0,    reM,  and  such  that  if  r'eR  is  disjoint  -^rom  each 
reM,  then  lJ;(r')  =0.   Fix  p  a  continuous  semi-norm^  and 
define^  for  ie^',  M.  =  {reM:  p(u(r))  >   -^i)  .   Since  M  is 

pair-wise-disjoint  and  \.i.    is  strongly  bounded,  M.  is 

finite  for  each  i€^u.   Let  M  =  U.M.  =  (r.)  .  „  .   Since  the 

IX     1  leo) 

Bartle-Dunford-Schwartz  Theorem,  Theorem  1.15,  holds  for 

H  restricted  to  R/   .  ieiu,  there  exists  for  each  i  a 
i 

p~control  X.  on  R/    such  that  X. (r.)  ^  B,  where  B  is  a 
^  1      /r .  11^ 

X 

bound  for  |a  on  R  (Theorem  2.5).   Thus  defining 


(^)  =Ii-Tl  ^i(^^^i)^        ^^^^ 


gives  a  bounded,  non- negative  countably  additive  measure 
on  R.   By  Theorem  2.2(4),  there  is  an  N  such  that 
n  s  m  ^  N  implies 

p(u)  (U'?   r.)  <  e, 
■^      x=m  X      ' 

where  s  >  0  is  fixed.   Thus  if  reR, 
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p(u(rnu.>„r.))    =    lim^   p  (u  (rHU^   .,r  .  )  ) 
i^iN    1  n  x—vi    1 


<    lira   sup^   p(u) (U^^^r^) 


^  e. 

Now,    for    1    ^   i    ^   N-1      there    exists    a   6 .    such   that 

reR/      ,    X.(r)    <    6.     implies    p(u(r))    <   ^^N. 
i 

Set    6    =-~min[6.:    1    ^    i    ^   N-1}.       Then   rsR,    \  (r)    <   6 
2^  1 

iniplies 

p(u(r))    =  p(!i(rnu^r^)) 

^N-1 
^  h=l   P(u(rnr^))    +   p(u(rnu.^^,jr.)) 


<   N    .    I"  +    G    =    2g. 

In  fact,  u(r  -  U.^,r.)  =  0  since  r  -  U.^.r.  is  disjoint 
1^1  1  x^l    1         -^ 

from  each  element  of  M  -  (r.),  so  that  n (r)  =  u(r  -  U.^,r.) 

Thus  we  mav  set  \      =  > .   D 
P 

Theorem  2.20  is  in  fact  true  under  much  more 
general  conditions,  but  before  we  prove  this,  we  need 
a  few  more  theorems.   The  set  M  was  defined  in 

Definition  1.10(5) . 


54 


Lemma  2.21.   Let  R  be  a  ring  and  U  a  function  on  R  into 
E  with  u(0)  =  0.   Then  M   is  a  subring  of  R^  and  \i    is  ' 

finitely  additive  on  M|^ . 


Proof  Vie   obviously  have  0cM   from  ii(0)  =  0. 
We  shall  first  show  tnat  M   is  closed  under  relative 
complements.   Suppose  that  a^  beM   and  teR.   By  set 

identities  we  have  (i(tn(a-b))  +  !j(t-(a-b))  = 

|a((t-b)na)  +  u  (  (t-a)U  (tObOa)  )  .   But  from  beM  we  also  have 

U 

U((t-a)  'J  (tObOa))  -U((t-a)-b)  +  u  (  (tflbOa)  'J  ((t-a)nb))  = 
|a((t-b)-a)  +   u{tnb)  (the  last  equality  by  set  identity). 
Thus  a(tn(a-b))  +  u(t~(a-b))  -  ^((t-b)na)  +  u((t-b)-a)  +  U  (tOb) 
!a(t-b)  +  [a(tnb)  -  \J.'t)    using  a,  beM  .   We  next  show  that 

M   is  closed  under  unions^  completing  our  proof  since  u 

is  obviously  finitely  additive  on  M  .   By  set  identities 

again  (with  a,  b,  t  as  above)  U(tn(aUb))  +  ii(t-(aUb))  = 
^((tna)  U  ((t-a)n(b-a))  )  ■:■  u((t-a)-(b-a))  .   But 
U((tna)  U  (  (t-a)n  (b-a)  )  )  =\J.{tf]a)    +  u  (  (t-a)n  (b-a)  )  since 
aeM,,.   Thus  u(tn(aUb))  +  w(t-(aUb))  = 

M(tna)  +  u  (  (t-a)n  (b-a)  )  +  u((t-a)  -  (b-a))  - 
H(tna)  +  jj  (t-a)  =^  u(t),  using  b-a,  aeM  .   D 
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2.22   Theorem.   If  [a :  R  -•  E  iri  a  countably  additive, 
stcongly  bounded  measure,  then  \i    can  be  extended  to  a  • 
countably  additive  ineasure  \l   on  /  ,  the  a-ring  generated 

by  R,    into  E. 

Proof  We  shall  follow  the  proof  of  Theorem  1.12, 
with  some  modifications.   The  proofs  of  Leraraa  (a)  to 
Lemma  (e)  are  unchanged.   But  instead  of  defining  ji  on 
all  subsets  of  Q,  as  in  Lemma  (f),  we  will  define  u  only 
oa    p  (R)  .   It  is  obvious  that  ja  is  defined  on  o  (R)  since 
Lemma  (e)  and  Theorem  1.11(2)  show  that  for  t  s  O, 

g/a(t,R) 

is  Cauchy  whenever  a(t,R)  /^  0.   The  fact  that 

^/g{R)    "  Va(R) 

follows  easily  as  before.   Since  the  definition  of  M- 

depends  on  the  domain  of  ili,  the  M-  v/e  have  now  is  changed, 

but  LeiTuma  2.21  shows  that  it  is  still  a  ring.   If  we 
replace  ^'(Q)  with  p  (R)  in  Lemma  (f)  through  Lemma  (m)  , 
then  the  theorem  follows,  since  in  those  proofs  we  only 
used  the  facts  that  M-  is  a  ring,  that  1P(Q)  is  closed 

under  finite  intersections  and  countable  unions,  and  that 
each  element  of  P(Q)  is  a  subset  of  a  countable  union  of 
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elements  of  R.   D 

Although  we  don't  need  this  next  theorem  to 
prove  Theorem  2.25,  v/e  shall  require  it  in  Chapter  3, 
and  this  is  a  convenient  place  Id  prove  it. 


2.23   Theorem .   Let  U    and  W  ,  aeG,  be  countably  additive, 

strongly  bounded  measures  on  R  into  E.   Then 

(1)  if  {\Jl    )  is  uniformly  bounded,  then  so 

is  (S^); 

(2)  if  U  has  a  bounded  p-control  X  ,     for  some 

continuous  semi- norm  p,  then  >   is  a  bounded 

^        p 


p-control  for  li ; 


where  u,  >   are  the  extensions  of  u,  X   to  )  into  E  and 


p  is  the  continuous  extension  of  p  to  E. 

Proof   (1)   Since  a  subset  of  E  is  bounded  if  and 
only  if  its  image  under  q  is  bounded,  for  each  continuous 
semi-norm  q  on  E,  and  since  each  q  is  the  extension  of 
itself  restricted  to  E,  we  shall  prove  that  for  s€,  and  p 

a   continuotis    semi-norm   on   E, 


sup[p(u     (s)):    atG)    <   ". 
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v-1 
Fix  c  >  0  33/,  p  a  continuous  semi-norra  on  E^  and  aeG. 

By  Lemma  (g)  of  1.12^  there  exists  an  asc (R) ,  say 

a  -^  U.r.,  (r.)  s  R,  such  that 


U^(s)  -  g^,(a)  e  V, 


v/here   V   =   [eeE:    p(e)     ^   e}.       Since  by   Leir.TOa    (d) 
g    (a)    =    lim.    u     (V .    , r . ) , 


there    also   exists    an   N   glu    such   that 


N 
g    (a)     -   \i    (V.a      r.  )    e    V. 


Thus 

N 


a 


p(y^^(s))    ^   P(u^(s)    -   g^(a))    -f-   P(g^(a)    -   ^^^^"^^=1   ^i)  ) 

+   P(M„(v!^3    r    )) 
<   f.   +   e   -'r    B  =   B  +    2e, 


v/here    B   is    a   uniform  bound    for    (p  (u     (•)))    on   R.       Since 
G    is    independent   of    s    and   of   i,    v/e    see    that 

p(ti    (g))    --   B,  sg;  ,    aeG, 


(2)       Set   V   =   [cgE:    p(e)     :^    6].       Since 
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i;  «   >  ,  there  exists  an  e  >  0  such  that  for  reR, 
P   P 


X  (r)  <  €  implies  |a  (r)  6  V. 

Now  let  s£/  such  that  X  (s)  <  e/^.   By  the  definition  of 
\x    and  X  ,  there  exist  h  ,  h,-,  e  g  (R)  such  that  h  c;  h  Hh 


implies 


:  (s)  -  \,  (h)  I  <  -|.  U(s)  -  U(h)  e  V. 
p       p        J 


Since    if  we    set  h    -  h-flh-,    v/e  have   h    e    a  (R)  ,    say  h   -   U.r.  , 

(r . )    s    R.       Then 
1 

|X     (s)    -    X     (h)  I     -    |X     (s)    -    lim.    X     (U^-    ,r.)i 
'    p  p  '     p  1      p      j=l    D 

=    lim    ix„(s)    -    X„(U^„^i  ,) 


■p    -  p      j-1 


and 


p(!i(s)    -   11  (h))    =  p(ki(s)    -    lim     \x{\}'\      X    )) 
=   lim.    p([i(s)    -   nCJy      r    )), 

X  J       X      J 

N 
so   mere   exists    an   New    such    that   defxnxnq   r   =   U.    ,r.,    we 

have 


X^(s)    -    X(r)  I    <  \,    p'P:(s)    ~   .u(r))    <   6. 
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But   then 


X     (r)     ^   Xp(s)    +    I    Xp(s)    -    \{h)\    +    |x(h)    -    X(r) 


<  —   H-  —   -I-  — -   =    e 
3         3  3         ^ 


implies  t-i(r)    e   V, 

Thus 

kKo)    =  r^(s)    -   S(h)    +  Hih)    -   fi(r)    +  ^(r) 
e   V  +  V  +  V 


Ghows    that   p(u(s))    <   35.      Thus   \A   «~   X    .      D 

P  P 


2.24   Theorem.   If  |i:  R  -*  E  is  a  countably  additive 
measure J  then  u  is  strongly  bounded  if  and  only  if, 
for  each  continuous  semi-norm  p,  U  has  a  bounded, 
countably  additi^'e  p-control  X  • 

Proof  The  sufficiency  follows  as  in  Theorem  2.20. 
To  prove  the  necessity,  we  sliall  first  show  that  U  has  a 
couiitably  additive,  strongly  bounded  extension  p  to  the 
''i-ring  D  generated  by  R.   For  each  reR,  denote  the  extension 
of  M  to  the  '7-algebx'a  generated  by  R/   by  \1    .   This 

extension  exists  by  Theorem  2.22;  call  the  g  defined  in 
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the   theorem  g    .      We   define   |~i(d)    =  |J.   (d)  ,    deD ,    v/here   reR 

is    chosen   so   that   d'  g   r .       Suppose    that   r"eR   also,    v/ith 
d   c    x"  ,      We   need   to    sho'v  \x     (d)    =  \x     (d)    --■-  u    ■■,  (d)  .       Def i.ne 

s    -   rOr"  *       Since    seR/      fl    R/    ^  ,    if   U    is    a  balanced   neigh- 
borhood  of    0^.    we    can    find,    using   the   definitions   of   the 
functions   g    and  \x ,    s'ea(R/    ),    s"ea{R/    „)  ,    so   that   d   s   s', 

s"    5    s    and   if   t'    G    s,    t'p.a(d,    R/    ),    t"    s   s"  ,    t".-:a(d,    R/^„), 
then 


U^(d)    -   g^(f)£J,    u^,,  (d)    -   g^„(t")GU. 


;ince   g      =   g.  „    on   elements    of   a(R/    )    0    a{R/    „), 


v/e    now   nave 


U^(d)    -   U^.,.  (d)    =  ix^(d)    -   g^(s'ns")    +   g^„(s'ris')    -   li^..  (d) 


6    U   -    U   --    2U, 

since    s'Os"    g    a (d,    R/ J    H    a (d,    R/.  „).       Thus   we    see    that 

u^(d)    =  i^I    ,,  (d)  ,    so   thab   ja    is   v/ell    defined.      Moreover,    jl 
r  r 

is  countahly  additive  on  D.   Suppose  (d.)  c  D  is 

pair-wise-disjoint  and  d  -  U.d.^D^   If  T-/e  choose  r(£R 

11 

such    that   d   s   r,    v:e  have 

'^(dj  -  i:i^(d)  =  y  u  Id )  =yu(d). 

r  iL-jI        L  1  L_:l  1 


61 


Nov/  if  we  show  [i    to  be  strongly  bounded  on  D,  we  can 
apply  Tb.eorem  2.20  to  find  a  p-control  \   for  ii  on  D, 

in  which  case  the  restriction  of  1^   to  R  will  obviously 

be  a  p--control  for  |j  .   Eix  (d.)  ^  D  disjoint,  and  U  a 

closed,  balanced,  convex  neighborhood  of  0  suc'n  that, 
for  each  ieuu, 

M(d.)  ^  U. 


By  the  continuity  of  addition  at  0,  there  exists  a  sequence 
(V.)  of  neighborhoods  of  0  such  that  for  all  i 


By  Lerama  (g)  of  Theorem  1,12,  applied  for  each  i^u),  there 
exists  (r.  .)  .  c  R  such  that  for  scjne  r.tR, 

r .  3  U  .  r .  .  ----   s.    ^-   d .  , 
X     D   x]     1     1^ 

v/hile  ia(d.)  -  ii(s.)  e  V., 


and  ii(d'ns^  -  d.)  e  V.,  d'sD, 


Thus  for  each  ieuj. 


U(sp  \   -|  U, 


since   othej>/ise, 
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nCd^)     =   a(d^)    -    u(s^)    +    u(s^) 


e    V.    H-  -4  U   ^   J  U  +  -i-  U   s   U. 
1         2  4  2 


Nov/  by   LeiPjna    (f)    of    I.IZ, 

ii(s^)    =   g^    (s^)    =    lira      u^    (U^^      r      ) 


liBK    u(U^__^^   r.^). 


so  for  each  i  there  exists  an  n.  such  that 

1 

1  ^i 

since  -:r  U  13  closed.   If  we  define  a.  =  U.  ,  r.  .,  then 

2  1  3=1      xj' 

(a.)    s   R    is    pair-v/ise-dis  joint ,    a.    ^'    s .  ,    ieJ,    v/hile 

U{a.)    k  i  U,    u(a.nd'-d.)    e    V.,  ieuj,    d'-^D. 

We  shall  show  that  h.  =    a.  -  U.~,  a..  i€a>   gives  a 

X  X  3=1       J-  '    ^ 

pair-v/ise-dis  joint    sequence    in   R  v/hose    images   under   li    are 

bciiiidod    av/ay    from   0.       It    is    enough    to    shcv/    that    for   each    i, 

Uva.nCU^"?-    a.))    -  7"!"    ,    v., 
X         :-l      j'  Z^j-1      3^ 

since   then 
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(a.)    -  H(h.)    +   u{a.n(U^~^    a.)) 
1  X  X  j=i       j 


irriplies    that 


e  ^  (h  .  )  +  y  .  ^  V  . 


r,   n(h.)  +  ^  U, 


U(h^)  I  -^  U,  ieJJ, 


contradicting  the  strong  boundedness  of  (i  on  R.   But 

u(a.n(uj:}  a.))  -  iKd.na  n(uj;:}  a  ))  +  ^((a  n(u^:}  a  ))  -  d  ; 

XJX]  XIJXJ  XJXJ  J- 


e   u(d.na.n(U^  ?■  a.))  -:-  V.  , 
X   X    j=l   j       x' 


while 

^i-1 


CKd.na.OfU^  J"  a.))  =  y.  ,  |i(  (d.na.n  (a.  -  U.^  ^  a,  )  )  -  d . ) 
,  Vi-l 


sincG  (d.)  is  oair-v/isG-disioint .   D 

The  reader  may  have  noticed  that  we  on]y  used  the 
weaker  foiTa  of  Theorem  2o22,  that  is,  the  ca^^e  when  y  (R) 

is  an  algtibra.   Tiiis  was  done  since  Theorem  1.12  is  the 
only  version  available  in  the  literature.   In  fact,  however. 
Theorem  2.24  is  a  corollary  of  Theorem  2.22:   Given  \Ji 
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strongly  bounded,  \1   on  )^  "^  L,^^^    ^^    countably  additive, 

so  by  Theorem  2.20  [I  has  a  p-control  X  ;  thus  }      =   \     , 

p        -p    ''p/R 

is  the  desired  p-control  for  U  on  R. 

The  results  so  far  have  been  for  countably  additive 
measures.   Using  the  powerful  representation  of  R  as  a 
Stone  ring  R^,  however,  we  can  prove  our  most  general 

result  on  control  measures  for  finitely  additive  measures. 
As  mentioned  in  the  introduction,  this  result  v/as  sho^s^n 
by  Brooks  [2],  although  we  arrived  at  it  independently 
and  with  different  techniques. 

2.25   Theorem   Let  H :  R  -»  E  be  a  finitely  additive 

measure.   Then  U  is  strongly  bounded  on  R  if  and  only  if, 

for  each  continuous  semi-norm  p,  u  has  a  bouiided,  finitely 

additive  p-control  X  .   Additionally,  \      may  be  chosen  so 

P  P 


that: 


(1)   X  (r)  ^  sup[p(u(r' )  )  :  r'  G  r,  reR)  ; 

ir 


(2)   |i  is  countably  additive  if  and  only  if  every 
X   is  countably  additive. 


Proof   If  li'  is  the  measure  corresponding  to  n  on 
R^,  the  Stone  ring  associated  v/ith  R,  then  by  Theorem  1.9(2) 

(i '  is  strongly  bounded  on  R  ,  so  that  Theorem  2.24  gives 
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us  a  X'  on  R  .   The  corresponding  X   on  R,  then,  is 
p      s  p  '  ' 

the  bounded  control  desired.   Conversely  if  each  > 

"P 

exists,  then  since  it  is  bounded,  it  is  strongly  bounded, 
mia.   one  may   prove  la  stxcngly  bounded  as  in  Theorem  2.20. 
As  for  (2),  if  M  is  countably  additive.  Theorem  2.24  shows 
that  the  countably  additive  X   exist,  v;hile  if  they  do 

exist,  then  for  (r. )  G  R  pair-wise-disjoint. 


lince    for   each   continuous    semi-norm 


P; 


from  the  countable  edditivity  of  >   and  the  fact  that 

"P 

X   is  finite-valued.   Finally  we  need  to  prove  (1) .   Let 

p  be  any  continuous  semi-norm.   If  (1)  is  satisfied  on 
Rg.  then  it  is  obviously  satisfied  on  R  also,  so  we  assume 

H  to  be  countably  additive.   We  found  X   in  Theorem  2.24 

P 

by  extending  u  to  U  on  D,  the  ^ -ring  generated  by  R,  and 
using  Theorem  2.20,  so  that  in  the  notation  of  Theorem  2.20, 

Xp(d)  ==  X(d)  =);.  A.  x.CdOd.). 
Since  by  Theorem  1.15,  (1)  holds  for  each  X.  on  D/   , 
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v/e    see   that    (1)     also  holds    for    X      on  D,    ie 

ir 


X    (d)    <    sup{p(k[(d'))  :    d'    s   d,    deD],  deD. 

Denote  this  supremum  by  K.   Choose  e  >  0,  and  let 
U  be  a  balanced  neiahborhood  of  0  such  that  2U  s  V, 
where 

V  ^  {eeE:  p(e)  <  e}  . 

Fix  reR  and  let  d  be  any  element  of  D  such  that  d  s  r. 
By  the  definition  of  jj  on  D,  there  is  a  sequence 
(s.)  ^  R  such  that  U.s.  s  r  and 

M(d)  -  fl(U^s^)  e  U. 

Then 

lim.  uCuJ^^s^)  -  ri(U^s^)  -  a(d)  +  ri(U^s^)  -  il(d) 


€    M(d)    +   U, 
so   that    for   some  Neuj, 

^^^i=l^i^    e   a(d)    +    2U  c  u(d)    +   V. 

N 
But  then,  if  we   let  r'  =   U.^,s.  e  R,  we  have  r'  e  r  while 

p(^(r'))  -  p(u(r')  -  ^(d)  +  fl(d)) 

^  p(i:(d))  -  p(n(r')  -  \l{d)) 
>   p(^{d))  -  e. 
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We    see,    then,    that    for   r&R, 

sup{p(u(r'))  :    r'eR,    r'sr}    -   sup[p(u(d)):    deD,    d  ?:   r) , 

and  hence  that  (1)  is  satisfied.   D 

2.26  Corollary.   Let  U  be  as  in  the  theorem  but  v/ith  E 

a  Banach  space.   Then  |i  is  strongly  bounded  if  and  only  if 
there  exists  a  bounded,  finitely  additive  measure  X  ^  0 
with  U  «  X.   Additionally  X  may  be  chosen  so  that 

(1)  X(r)  ^  sup{  1  lu(r')  I  I  :  r'eR,  r'CR}^  rsR; 

(2)  u  is  countably  additive  if  and  only  if  X  is 
countably  additive, 

2.27  Corollary.   For  a  countably  additive  measure 
U:  R  -  E,  the  following  are  equivalent. 

(1)  [1    is  strongly  bounded 

(2)  u  extends  to  a  countably  additive  measure 
fa  from  2,(R)  into  E. 

(3)  for  each  continuous  semi-norm  p,  n  has  a 

bounded  p-control  X  . 
P 

The  corollary  just  above  shows  that  in  the  bounded 
measure  case  the  Bartle-Dunford-Schwartz  Theorem  remains 
valid  on  a  ring  precisely  when  the  vector  measure  is 
strongly  bounded.   This  problem  (for  6-rings)  was  raised 
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by  Dinculeanu  and  Kluvanek  [5].   Of  course  Theorem  2.20 
suffices  to  solve  this  problera  for  a  i5-ring. 

The  p-control,  X  ,  whose  existence  is  guaranteed 

in  Theorem  2,25  for  a  strongly  bounded  \i ,    may  fail  to 

exist  if  v/e  asstime  only  that  p  is  bounded,  even  if  >   is 

-p 

allowed  to  be  unbounded  and  R  is  required  to  be  a  a- algebra. 

Even  if  |i  is  countably  additive,  X   may  not  exist  v/hen  R 

is  a  ring.   Examples  are  given  in  (1)  and  (2)  below. 


2.28   Example.   (1)   Let  L  be  the  a-algebra  of  Lebesque 

measurable  subsets  of  [0.  1] ,  and  let  X  (L)  be  the  Banach 

space  of  measurable  functions  on  Q,    with  the  supremum 
norm 


1  |fl  L  =  sup{  If(x)  I:  xe  [0,  1]). 


Define   [i :    L  -   X^  (L)    by  u(r)    =^   ?    ,    reL.       Let 
I   =   (— :    i   ^    1,    ieuo}  .      If   X    is    a      |  |  •  j]  ^-control    for  u,    and 
6    >    0    is    such   that    X  (r)    <    6    implies    |  ||i(r)  |  |    <    1,    then 
X({-^})    2   6,    iel.      Since   I   e    L, 

X(I)     s    X((7)'^       )     ^    n6    -;   CO, 
1    i~i  n 


shows  that  X (I)  cannot  be  finite. 

(2)   Let  R  be  the  ring  generated  by 
IU{I}.   Then  ^/   is  trivially  countably  additive.   If 
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X  is  a  control  for  \A ,    then  \(I)  =   '^    as   before. 

2.29   Remark.   If  (J:  R  -  E  is  a  finitely  additive  measure, 
then  n  is  strongly  bounded  if  and  only  if  the  range  of  W 
is  v/eakly  sequentially  coxiipact .   That  this  is  a  consequence 
of  Theorem  2.25  has  been  noted  in  Brooks  [2]. 

It  is  natural  to  wonder  in  viev/  of  the  Nikodym 
Theorem  (see  Dunford  and  Schv/artz  [5],  p.  321)  whether 
the  corresponding  theorem  is  true  for  finitely  additive, 
strongly  bounded  measures.   For  a  cr-algebra,  the  next 
theorem  answers  this  affirmatively,  and  the  following  one 
gives  a  condition  for  ic  to  be  true  on  a  ring.   The  first 
theorem  was  mentioned  in  Brooks  and  Jewitt  [3],  but  we 
give  it  as  a  nice  application  of  the  existence  of  a  control 
measure. 

2.30   Theorem.   Let  U^:  R  -  E,  ieuu,  be  strongly  bounded, 

finitely  additive  measures  on  a  a-algebra  R.   If 

lim^  Uj^(r)  exists  in  E,  reR,  then  u  (r)  =   lim.  M .  (r)  ,  reR, 

defines  a  strongly  bounded,  finitely  additive  measure  p. 

P^Qof   Let  p  be  a  continuous  semi-norm  on  E.   By 
Theorem  2.25,  each  la^  has  a  bounded  p-control  \..      Then 

Kr)    -  V  1        Xi_lr) 
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wherG  B.  is  a  bound  on  > . ,  defines  a  bounded,  finitely 

additive  measure  on  R  such  that  lim  ,  >  ^  u.  (r)^0,  ie'JJ. 

Then  by  Tlieorera  3  of  Brooks  and  Jewitt  [3],  the  limit 
above  is  uniform  in  i^  £.3  that  u  is  strongly  bounded 
since  X  is  bounded.   D 

2.31   Theorem .   Let  \i .  :    R  -•  E,  is'JJ,  be  strongly  bounded, 
finitely  additive  measures.   If  (u . )  is  uniformly  strongly 
bounded,  and  if  lim.  u. (r)  exists  in  E,  reR,  then 
la  (r)  -'-  lim.  u.(r),  reR,  defines  a  strongly  bounded, 
finitely  additive  measiare. 

Proof   The  measure  U  is  finitely  additive  since 
each  U.  is  finitely  additive.   Suppose  (r.)  is  pair-wise- 
disjoint  in  R.   Then  if  p  is  a  continuous  semi-norm  on  E, 
there  exists  an  N  such  that  for  all  i  and  all  j  ^  N, 


p(ia^(rj))  <  1. 


But  p  has    a  unique   extension   to    a   continuous    sejf^i-norra 
P    on    Ej     so    that 

p(M(r.))  =  lim_j_  p(a^(r.^))  <  1, 
for  all  j  >-  Vi,      Thus  p.  is  also  strongly  bounded.   D 
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2.32  Definition.   Let  u :  R  -*  S  be  a  finitely  additive 
measure.   Then  li  is  locally  strongly  boimded  if,  for  each 
reR,  U  restx-icted  to  the  algebra  R/   is  strongly  bounded. 

As  v;e  see  in  the  next  theorem  the  condition  defined 
above  is  a  generalization  of  strong  boundedness  which 
reduces  to  strong  boundedness  on  a  a-ring. 

2.33  Theorem.   If  n:  R  ->  E  is  a  finitely  additive  measure, 
then  n  is  locally  strongly  bounded  if  and  only  if  (r.) 

monotone  decreasing  in  R  implies  lim.  |-i(r.)  exists  in 

E. 

Proof   (=>)   If  (r.)  is  monotone  decreasing,  then 

(r.)  ^  R/  ,    and  \l    is  strongly  bounded  on  R/   ,  so  that  the 
1  ^1 

limit  exists. 

{  <^)       Let  reR,  and  (r.)  c;  R/  monotone  increasing. 

Then  (r-r.).  is  monotone  decreasing  so  that 


lim^  U(r^)  =  ■'.im^[ji(r)  -  (u(r-r.))] 


=  H  (r)  -  lim^  u(r-r^] 


exists  in  E.   D 


2.34   Corollary.   If  R  is  a  a-ring,  then  y  is  locally 
strongly  bounded  if  and  only  if  p  is  strongly  bounded. 
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Proof   By  Corollary  2.3,  u  is  necessarily 
locally  strongly  bounded  when  it  is  strongly  bounded. 
Conversely  if  (r.)  is  monotone  increasing  in  R,  then 
(U.i^.  -  r.)  .  is  monotone  decreasing  so  that  rs  in  the 

theorem  above,  lim.  u(r.)  exists  in  E.   D 

2.35  Theorem.   Let  |J :  R  -»  E  be  a  finitely  additive  measure. 
If,  for  each  continuous  semi-norm  p,  u   has  a  p-control  ).  , 
then  \l    is  locally  strongly  bounded. 

Proof   If  reR,  then  each  X   is  bounded  on  R/  \ 

That  \l    is  then  strongly  bounded  on  R  /  .  follov;s  as  in 
Theorem  2.20.   D 

2.36  Remax'k.   Local  strong  boundedness  is  act.;ally  weaker 
than  strong  boundedness  since  the  measure  in  Example  2.19 
satisfies  the  first,  but  not  the  second  condition.   By 
Corollary  of  Dinculeanu  and  Kluvanek  [5],  a  locally  strongly 
bounded  countably  additive  |a :  R  -*  E  can  be  extended  to  a 
countably  additive  measure  \J.:    D  ->  E,  where  D  is  the  6-ring 
generated  by  R.   A  proof  of  this  is  also  contained  in  the 
proof  of  Theorem  2.24. 


CHAPTER  III 

Uniform  Strong  Boundedness 
And  Weak  Secpjential  Compactness  In  ba(Q.  A) 


This  chapter  is  basically  concerned  v/ith  tv/o 
problems.   The  first  is  that  of  extending  conditions 
holding  on  a  ring  R  onto  the  a-ring  ^(R) •   ^  basic  tool 
for  this  v^ill  be  the  extension  tlieorem  of  Chapter  2, 
Theorem  2.24-,  although  most  of  the  results  of  Chapter  2 
will  be  needed.   The  second  problem  is  that  of  investigating 
conditions  for  v/eak  sequential  compactness  in  ba(Q,  A), 
the  space  of  bounded,  finitely  additive,  scalar-valued 
measures  on  an  algebra  A  with  the  variation  norm: 

I  lull  =  v(^)  (Q). 

Throughout  this  chapter  A  will  denote  an  algebra,  and  ) 
will  denote  the  a-ring  generated  by  R. 

3,1   Theorem.   If  n:  R  ->  fi  is  a  bounded  finitely  additive 
m.easure,  then  U  is  countably  additive  if  and  only  if  |J 
and  M   are  countably  additive. 

+     — 

Proof   (  <=  )   Since  li  =  la   -  |a  ,  |i  is  obviously 

countably  additive. 

(  ^  )   If  (r.)  s  R  is  pair-wise-dis joint, 
it  always  follovs  that 
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+ 


(U.r.)     s  y.u"^(r.), 
11  Z^i  1    ' 

.1.  +        n  V'^"^  + 

since   u     (U.r.)     ^  >.i     (U.     ,r.)    =).     ^^    (r.),    new.       But 

11  1=1     1  _1=--1  JL     ' 

•since  [1    is    count  ably    additive, 

li     (U.r.)    =    sup{ii(3):    s€R,    s    G   U.r.] 

11  J:-!.'     ^      '  ^  1     l-" 

=    sup[).U(s.):     (s.)nR,    U.s.gR,    s.Sr.,    ie'Jj] 

^  ^Lj2.  1  1  '         1     1         '  1        1-*  ■' 

V     + 
<   sup{).u    (s.):(s.)^R,    U.s.eR.    s.Sr.,    ie'x] 
-^  '■^^1  11         '       11      '       1      i'  -■ 


=  y.u"''(r.). 

^1  X 


D 


AlfhoTigh  v/e   have   not   needed   the    fact    so    far,    it    is 
true    that   the   extensions    of  raeasures   v;e   dealt  with    in 
Chapter    2    are   unique.       Since  v/e    shall    iniplicitly  use    this 
several    times    in    this    chapter,    we   give    a   short   proof. 

3.2      Theorem.       Let   U  .  :    )    -►   E,    i    =    1,     2,    be    countably 
additive  measures.       If  |U,    =  n„    on   R,    then  \l,    =  H^. 

Proof      Let    F    -    [  se^:    n,  (s)     =  li .,  (s)  }  ;    F    3    r.       if 

(f.)  is  a  ip.onotone  sequence  in  F,    then  since  U.,  i  -  1,  2, 
J  1 

are  strongly  bounded. 


1  im  .  U ,  (  :  .  }  -  1  im  .  p  (  f  .  ) 
3       ^      J  D   "^   D 


exists  in  E.   Since  u • ,  i  =  1,  2  are  countably  additive 

1^       ' 
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into  E,  the  limits  exist  in  E  and 

\l .   dim.  f  . )  =  lim  .  [i  .  (  f  . )  , 


for  i  =  1,  2.   Thus  lim.  f.  eF.   By  the  Theorem  en 
Monotone  Classes  (Halmos  [9] ) ,  we  have  that  F  =  ) . 


D 


Our  immediate  goal,  and  the  key  theorem  of  this 
chapter  is  Theorem  3.6,  but  first  we  shall  prove  a  special 
case  to  v/hich  it  can  be  reduced  using  Theorems  3.1  and  2.18, 

3.3   Lemma.   Let  U .  :  )  -  5?  ,  ieuJ,  be  countably  additive 
measures.   If  Neuu,  e  >  0,  se),  and  (b.)  pair-wise-disjoint 
in  R  with  U.b.  2  s,  then  there  exists  (a.)  s  R  pair-wise- 
disjoint  in  R  such  that 

(1)   U.b.  3  U.a.  2  s, 
11     11     ' 

and     (2)   ).|i  (a.  )  <  M„(s)  +  e,  0  ^  n  <  N. 

i—>i   n   1      n 

Proof   Since  each  [i  .  is  an  extension  of  itself  from 
R  to  2^,  we  may  use  Corollary  1.6  to  find  (rl)  G  R  disjoint 

such  that  U.r!  3  g  and  N.U^Cr.)  <  M, (s)  +  e.   Then  if  we 

-L   1  i-jl   11  1 

let  (r^)  be  the  set  ( i^jlj^^b^ •'  n,  mG'ij},  we  have  a  disjoint 

seouence    (r.)    s   R   such    that   U.b.    3    U.r.    3    s.      Aire 
1  1111 
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li^o(-i)  =riEj^^o(-i^  ^^ 


=  y.n„(u.  (r'.  n  b.)) 
Z^x  0   3   1     J 


"Li^O^"-'?    "   ^0^^^  +  ^- 


So  we  have  shov/n  the  lemma  for  N  =  0.   Suppose  the  lemma 
is  valid  for  N-1.   By  Corollary  1.6  again,  there  exists 
(d.)  c  R  disjoint  such  that  U.d.  3  s  and  ^^  \d^    (d^)  < 

u„(s)  +  e.   Also  we  have  (c.)  s  R  disjoint  such  that 
N  1 

U.b.  3  U.c.  3  s,  and  for  1  ^  n  <  N-1,  ).u^(c.)  <  u^(s)  +   e. 
1  1     1  X  ^1  n   X      n 

If  we  let  (a.)  be  the  double  sequence  (c.nd.) .  .   ,  then 
we  have  U.b.  3  U.c.  3  U.U.(c.nd.)  =  U.a.  3  E,  while  (a^)  . 
is  obviously  disjoint  in  R.   Also,  for  0  ^  n  >'  N-1, 

y.M  (a.)  =  y.  .U  (c.nd.) 
Lx  n   X    L±,j    n      X      j 

=  y.^^(u.(c.nd.)) 

li^N^-i^  -Ii,jS(-i^^j^ 

-Ij^N^^i^-i^^j)^ 


while 


e  . 
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By  induction,  therefore,  the  lemma  holds  for  Ne'JU.   D 

3.4   Theorem.   Let  i\l    )    ^^,    be  a  set  of  non-negative, 

finite-valued,  countably  additive  measures  on  ) .   Then 

if  (U  )  is  uniformly  strongly  bounded  on  R,  (m  )  is 
^  oc 

uniformly  countably  additive  on  ) . 

Proof   Suppose  (U  )  is  not  uniformly  countably 
additive  on  2^.   Then  for  some  e  >  0,  there  exists  (s.)  s  V 
and  (U^)  s  (U^)  ,  such  that  3.10,    while  U.  (s.)  >  e. 
Fix  e.  =  ^/2i+2,  ie-jj,  so  that  V.e.  -  ^/2. 

Since  every  ss^^  is  covered  by  a  countable  union  of 

elements  of  R,  we  can  find  by  Lemma  3.3  a  sequence  (r  ) .  Q   R 

such   that   U.r.    3    s      and 
11  0 

5^iUo(r°)  <  u(Sq)  +  ^Q. 
Since  (^i^)  is  uniformly  strongly  bounded  on  R,  there  exists 


an  n^€(.u  such  that 


Ii>n^^j(^i)  <  °^0'  ^^'^• 


0 


nn    0 
Derine  r^  -  U^  ^^  r^.   Then  for  jeuu  , 
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M.Cr^ns.)  =M.(s.)  -  Uj(Sj-rQ) 


^  U.  (s.)  -  y.^   n  .  (r°) 


^  e  -  6q. 


Thus  we  have  for  n  =  0,  a  decreasing  finite  sequence 

(r. )^  ^  G  R  such  that 
1  1=0 


(1)  Uj  (r^)  <  !.u(s^)  +  e^,  0<j<i, 

(2)  u.(r.ns.^  ^   e    -YL^   e^,  j^i, 

for  0  ^  i  <  n.   If  we  have  (1)  and  (2)  for  n  =  ra,  we  can 

find  by  Lemma  3.3  (x^7ith  b-  =  r  ,  b .  =0,  i  >  0)  a  sequence 
■^  0     m'   1     '  ^ 

(r.       )    disjoint    in   R   such   that   r      ^'J.r.'        3s      ,nr 
1  -^  mil  m+1  ra 


XiM     (rfl)    <U.(s„,,)    +e„,,^. 


for  0  <  j  <  m+1.   Since  (U  )  is  uniformly  strongly  bounded 

on   R,    there    is    an   n    ,  ,    such    that    for    ieuJ 
'  m+1 

V  ,,     /  m+1.     . 

■^      m+1  -' 

Than  defining  r  ,,  =  U.  ,  r.   ,  we  have  (1)  and  (2)  above 
^   m+1     3=1   n   ^ 

holding  for  n  =  ra+1,  since  for  j  ^  m+1 
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^j^Wl  ^    "j^  /^  ^^"j   ^    ^m)    -   ^j((-^j   ^    ^m^    -    V+l) 


-  -  5=0  e,  -  K^;v<-^' 


rm+l 


Thus   by    induction    (1)    and    (2)    hold    for    all    ietJJ   with    the 
decreasing    sequence    (r.).      Then  by    (2) 


H  .  ( r  .  )    ^  n  .  ( r  .  n  s  .  ) 
IX  11      1 


^k=0      k 


Since  (^ . )  is  uniformly  strongly  bounded,  v/e  have  by 

Theorem  2.11  that  lim.  n.(r.)  exists  uniformly  in  i_, 

so  that  by  the  above  inequality  lim.  Mj_(r.)  ^  /2,    ieo). 

But  this  contradicts  the  fact  that  lim.  M-  (r.)  =  0,  ieuJ, 

J   ^   J 

by  (1)  above.   D 


The  proof  of  Theorem  3.4  above  was  greatly 
simplified  by  Dr.  Stephen  A.  Saxon.   He  has  also  made 
many  helpful  suggestions  incorporated  throughout  this 
dissertation. 

3.S  Pern ark.  Although  uniform  countable  additivity  is  a 
weaker  concept  than  uniform  strong  bcundedness  (v/hen  the 
measures  are  countably  additive),  if  R  is  a  c-ring,  the 
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two  concepts  are  the  same.  Thus  in  Theorem  3.6,  viniform 
countable  additivity  could  be  replaced  by  unifonn  strong 
boundedness  (or  uniform  additivity,  by  Theorem  2.11). 

3.0   Iheorem.   Let  u  :  R  -»  i),  aeG,  be  countably  additive 

measures.   If  (l-l  )  is  uniformly  strongly  bounded  on  R, 

then  each  U   has  a  countably  additive  extension  ili^  from 
a  a 

/  into  E  such  that  {\1    )    is  uniformly  countably  additive. 

Proof   Since  (u  )  is  uniformly  strongly  bounded, 
o. 

each  u   is  strongly  bounded,  so  that  \1      exists  by  Theorem 
cx  ^ 

2,22.   Suppose  that  (jl  )  is  not  uniformly  countably  additive 
on  /.   Then  we  can  find  some  (s .  )  s  2^  and  some  (u^)  s  (U^) 
such  that  s.  i^  0,  while  for  some  e  >  0,  and  some  continuous 
semi-- norm  p, 

p(ii^(s^))  >  e,  ieuj. 

Define  X  =  [xGE':Ix(e)I  <  p(e),  esE]  .   Since  each  \1^   is 
countably  additive  on  2^,  so  is  xU  ,  xsX.   If  (r^)  s  R 

pair-wise-disjoint,  then  by  the  uniform  strong  boundedness 

of  (U  )  on  R,  there  is  an  New  such  that  i  ^  N,  aeG  implies 
a 


p(M^(r.))  <  e. 
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Sirco    U'*-(^('^i)I    '^   p(M^(r^)),    xgX,    v.-e    se-e   ^he-.t    (^li^)  ^.^.^j,    xeX 

is   uniforiialy    strongly  iDOunded   on   R.       By    Theorem    2,18, 
then,    so    are    (  (xiJ    )     )     and    (  (xM    )~)     uniforiTily   strongly 

box^nded   on    R.       Thus   by  Theorem    3.4    there   exists   J-.eO)    such 
that    i    ^   M   iraplies    for   aeG,    xeX, 


But  by   Theorem    1.3, 

|xU^(s^)|     s    v(xU^)(s^)     =    (x^^)"^(s.)    t     (xU^)~(s.)    <    6, 

so  we  have  a  contradiction,  since,  for  each  ieuJ,  there  is 
some  xf-:X  such  that 


xu.^(s^)  I  =  p(i.i._(s^))  >   e.      D 


One  special  case  of  Theorem  3.6  which  is  frequently 
viseful  in  proofs  by  contradiction  is  given  in  the  following 
corollary. 

3.7   Corollary.   Let  the  U   be  defined  on  ),    and  let 
i's.l  be  the  ring  aenerated  by  (s.)  •  ^  /•   Then  if  (u  )  is 
uniformly  strongly  bounded  on  [s . ] ,  (m  )  is  uniformly 
countably  -additive  on  )  (  [s  .  ]  )  . 
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The  next  theorem  is  a  very  useful  extension  of  a 
result  of  Dunford  and  Schv/artz  [S]  ,  p.  292. 

3.8  Theorem.  Let  n.  :  R  ~»  E,  ie-JJ,  be  countably  additive 
measures.  If  (li .  )  is  uniformly  strongly  bounded,  and  if 
lim.  li.  (r)  exists  in  E,  reR,  then  lim.  jj. .  (s)  also  exists 
in  E,  se)  ,    v/here  ji .  is  the  extension  of  U .  to  )  . 

Proof   Define  L  =  f  se/  :  lim.  jj  .  (s)  exists  in  E]  . 
^11 

We  have  by  hypothesis  that  R  s  L,  so  that  if  we    show  L  to 

be  a  monotone  class,  the  Theorem  on  Monotone  Classes 

(Halmos     [9])    will   give   us    that   L   =    ),    i.e.    that    lim.    [i.  (s) 

exists  on  /.   Suppose  that  (s.)  s  L  is  monotone  increasing, 

and  let  s  =  lim.  s..   Since  by  Theorem  3.6,  (u . )  is 

Tiniformly  countably  additive  on  ),  there  exists  an  Neuj 

such  that 


^^(s-Sjj)  e  V,  ieuj, 


where  V  is  an  arbitrary  circled  neighborhood  of  0.   Since 
lim.  U.  (s^J  exists  in  E,  there  is  an  Mgoj  such  that  for 

i,  j  ^  M, 


Mi(s^)  -  Uj(s_^)  6  V. 


Thus  for  i,  j  ^  M, 
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M..(s)  -  Uj(s)  =  ^ii(s-Sj^)  +  Ui(Sj^)  -  Mj(s^)  -  Hj(s-s^) 


S  V  +  V  +  V  =  3V. 

Since  for  any  neighborhood  U  of  0,  there  is  a  circled 
neighborhood  of  0,  say  V^  such  that  3V  s  U^  v/e  see  that 
lim.  |J  .  (r)  exists  in  E.   If  (s.)  s  l  is  monotone  decreasing, 

then 


lim^  H^(s)  =  linu  [-u^(s^-s)  +  n^(s^)] 


exists  in  E  since  (s,-s  )   s,-s.   We  have  s,-s.  s  L, 

1     1  1   1     ' 

iew,  since  for  each  i. 


lim.  (a.(sT-s.)  =  lim.  [u.(s,)  -  |J.(s.)] 
j   j   1   X        J    J   1      j   1 


exists  in  E.   D 

3.9   Corollary   Suppose  lim.  |i .  (r)  exists  in  E,  reR. 
Then  (u . )  is  uniformly  strongly  bounded  on  R  it  and  only 
if  each  \X .    has  a  cotantably  additive  extension  li .  to  ) 
such  that  lim.  u. (s)  exists  in  E,  se) . 

Proof   The  necessity  is  Theorem  3.8.   Conversely, 
if  the  limits  exist  en  ),  then  by  the  Vitali-Hahn,  Saks 
Theorem  (Dunford  and  Schwartz  [6])  the  (u . )  are  uniformly 

countably  additive  on  j  ,    equivalently  uniformly  strongly 
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bounded  on  J.      But  then  (u . )  is  uniformly  strongly  bounded 
on  R.   D 


3.10   Theorem.   Let  (n  )  be  a  set  of  finitely  additive 

me<^suies    on   R   into    E.       11,    for    each   continuous    semi-noira 

p,  there  is  a  finitely  additive^  bounded  measure  X   on  R 

into  ^    such  that  (i   «   X  ,  aeG.  and  if  (i-i  )  is  point-wise 
a   p  p^     -  a     ^ 

bovinded,  than  the  follov/ing  are  equivalent: 


(1)  (u  )  is  uniformly  strongly  bounded; 

(2)  \i      «.  X,  ,  uniformly  in  a^  for  each  continuous 
semi-norm  p. 


Proof   (2  -•  1)   A  basic  neighborhood  of  0  in  E  is 
of  the  form  {esE:  p. (e)  ^  1^  l^i<n) ^  where  each  p.  is  a 

continuous  semi-norm.   Let  (r.)  be  pair-v/ise-dis joint  in 

R.   Then  for  1  ^  i  <  n  there  exists  an  N.e.u  such  that  j  ^  N. 

implies  X   (r.)  <  6(1).   If  N  =  max{N.  :  l<i<n}  ^  then  j  ^  N 
^i   -' 

implies  p.{u  (r.))  ^  I,    asG,  l<i<n.   Thus  u  (r.)  ^0 
uniformly  in  a. 


(1  ->  2)   Suppose  that  for  some  continuous  semi-norm 

n ,    \X      «      X   does  not  hold  uniform>ly  in  a.   Then  there 
"  '   a   p  p  ^ 

exists  (r.)  s  R  and  (U . )  s  (u  )  such  that  for  some  e  >  0, 
1  1      a 
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>.p(ri)    <-V    ,    p(u.(r.)) 


>   6,  ieiJJ. 


For   each    ieiu,    let   x.eE'    such    that 

and  h.j_(e)  I    5   p(e),  eeE. 

Since  (u^)  is  point-wise  bounded,  we  may  use  a  Cantor 
diagonal  process  to  find  a  subsequence  (x   ) .  of  (x. ) . 

such  that  for  re  [ r . ] 
1 

lira.  X    u   (r) 
J      n  .  '  n  . 
3         3 

exists  and  is  finite,  for  each  iscu.   Without  loss  of 
generality,  we  may  assume  the  limits  exist  and  are  finite 
for  the  original  sequence  (x^^m^)  .   The  reader  can  easily 

see  from  |x^(e)|  <  p(e),  eeE,  that  for  each  ieuu, 
x^li^  «  Xp.   In  addition,  we  will  show  that  the  sequence 
(x^M^)  is  uniformly  stmngly  bounded.   Suppose  (s.)  c  R 
is  pair-wise-disjoint.   Then  since  u  (s.)  -^0  uniformly 
in  a,  there  exists  an  Neoj  such  that  for  i  s  N, 
p(Hj(s^))  <  e,  for  an  arbitrary  fixed  e  >  0,  and  jew. 
Then  obviously,  for  i  s  N,  |x.u.(s.)|  <  e,  jew. 
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We  may  now  assume  that  all  measures  under 
cons.ideration  are  countably  additive,  since  otherwise  v/e 
could  go  over  to  the  Stone  ring  associated  with  R  without 
changing  any  relationships  used  below. 

We  may  now  apply  Theorem  3,8,  so  that 


1  im  .  X  .  U  .  ( s )  < 
1   11 


fo 


r  se)([r.]).   Also,  by  Theorem  2.23,  for  ieio. 


x.U.  «  >  ,  where,  of  course,  \      is  the  countably  additive 
1  1     "p'       ^  P 

extension  of  X   to  )([r.])  into  5?.   By  the  V.Lr.ali-Hahns-Saks 


Theorem  (Dunford  and  Schwartz  [6]),  we  have  x .  |i .  «  \ 

uniformly  in  xew .      Thus  there  exists  a  6  >  0  such  that 
s£2^(rr.]),  X  (s)  <  6  implies  |xTu'7(s)!  <  e.      Choose  ieiu 

such  that  — .  <  €.   Then  by  the  choice  of  (r.),  X  (r.)  <  6, 
21  ^  1     p   1 

but 

Ix^^^Cr.)  j  =  p(^^(r.))  >  s, 

so  that  we  have  arrived  at  a  contradiction.   D 


3.11   Corollary.   Let  \l    :  R  -  X,  aeG,  be  finitely  additive 

measures.   If  there  exists  a  bounded,  finitely  additive 
measure  X  such  that  u   «  X,  aeG,  then  the  following  are 
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equivalent  v;hen    (n    )     is   point-v/ise   bounded: 


(1)   (|J  )  is  uniformly  strongly  bounded; 


(2)  [1      «    \,    uniformly  in  a. 


Proof   The  proof  of  Theorem  3.10  obviously  holds 
if  p  is  restricted  to  any  family  of  continuous  serai-norms 
which  generated  the  topology  on  E.   D 

3.12   Corollary.   Let  \l^:    R  -■>  X ,  ieiu,  be  finitely  additive 
measures.   If  (u^)  is  point-wise  bounded,  the  following 
are  equivalent: 

(1)  (|i^)  is  uniformly  strongly  bounded; 

(2)  there  exists  a  bounded,  finitely  additive 

X:R  -  a  such  that  (i.  «  X  uniformly  in  i. 

X'/hen  each  )i^  is  countably  additive,  X  may  be  chosen 
countably  additive. 

Proof   We  need  only  show  (1  -^  2)  .   Since  each 
M^  is  strongly  bounded,  there  exists,  for  iew,  a  bounded 
control  measure  X.  for  ^i .  .   Define 

X  (r)  =  )  .  -. 

^12-  1  +  Bj^  ^ 

v/here   B^    is    a  bound   for   \^.      Then   X:    R  -   a   is    a  bounded. 
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finitely  additive  measure  such  that  u  .  «  X,  ie'JJ.   Thus 
Theorem  3.10  gives  the  uniformity  in  i.   If  each  a.  is 
covintably  additive,  X  may  be  made  countably  additive  by 
choosing  each  \.    to  be  countably  additive.   D 

3.13   Theorem.   Let  y  :  R  -  E,  aeG  be  countaj.'ly  additive 
a 

measures.   If  (U  )  is  point-v/ise  bounded,  and  if,  for  each 

continuous  sem.i-norm  p,  there  is  a  bounded,  countably 

additive  measure  X  :  R  -^   ^    such  that  U   «   X  .  uniformly 
P  ex    p   p 

in  a_,  then 


u   «   X  ,  uniformly  in  a, 
a   p  p' 

v/here  u  ,  X   are  the  extensions  of  U  ,  X   to  /  . 
a'   p  a'   p    Z_. 


Proof   By  Theorem  2.23,  n   «   X  ,  foj-  each  a.   By 

Theorem  3.10,  (U  )  is  uniformly  strongly  bounded  on  R, 

^    a 

hence  also  (w  )  on  /  by  Theorem  3.6.   Since  (U  )  is 

point-v/ise  bounded  and  uniformly  strongly  bounded  on  R, 

Theorem  2.16  gives  that  (u  )  is  bounded  on  R,  an.d  hence 
^  a 

(U  )  is  bounded  on  )  by  Theorem  2.23.   Then  applying  Theorem 

3.10  again,  we  have  that  u   «   X  ,  uniform.ly  in  aeG.   Q 
^         '  a   p  p' 

The  next  theorem  could  actually  bo  proved  for  an 
arbitrary  space  E,  but  for  simplicity  we  do  not  do  so. 
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3.1^   Theorem.   Let  u^:  R  -  X,  aeC,  be  finitely  additive 

measures.   Then  the  following  are  equivalent: 


(1)  (la^)  is  uniformly  strongly  bounded; 

(2)  there  exists  a  bounded,  finitely  additive 
X:  R  -  a  such  that  u   «  \    uniformly  in  a. 


ow 


P^cof   We  proved  (2  -  1)  in  Theorem  3.10.   To  sh 
(1  ->  2)  ,  v/e  may  first  assume  that  each  |a   is  countably 

additive,  since  the  (u^)  on  the  Stone  ring  corresponding 

to  R  would  still  be  uniformly  countably  additive,  and  if 
(2)  v/ere  satisfied  on  the  Stone  ring,  it  would  also  hold 
on  R.   It  is  enough  to  prove  (1-2)  with  R  replaced  by  Y, 

since  by  Theorem  3.6  (1)  holds  for  (u  )  on  7  and  (2) 
holding  on  )^  trivially  implies  (2)  holding  on  R.   Thus 

(U^)  is  a  set  of  uniformly  countably  additive  measures  on 
X  into  X.  Define  O-3 ) g^ ^  =  [ x' u^:  aeG,  x'eX',  ||x'Il^l}. 
Then  (Xg)  s  ca(n,  Y)    is  uniformly  countably  additive,  so 

that  by  Theorem  1.14,  there  exists  a  countably  additive 
>•:  2^  •"  ^'^  with  Xg  «  X  uniformly  in  6.   Thus  e  >  0  implies 
there  is  a  5  >  0  such  that  if  X (s)  <  6  then 

l!u^(s)||  =  supfx'M^(3):  jx'l  <  1,  x'e  '} 


^    p 
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Since  c  is  independent  of  a,  14   «  \  uniformly  in  a.   □ 


?. .  15  Remark.  The  rest  of  this  chapter  is  devoted  to 
investigating  v;eak  seaxiential  cG~pactness  in  ba(Q.  A) 
usxng  the  raachinery  developed  so  far.  From  nov;  on  we 
take  R  =  A,  so  that  )  =  ) (A) .   We  recall  that  by  the 

Eberlein-Sraulian  Theorem  (Dunford  and  Schwartz  [5],  p.  "^30) 
a  set  K  in  a  Banach  space  is  v/eakly  seqi:;entially  conipact 
if  and  only  if  the  weak  closure  of  K  is  v/eakly  conipact. 


3.16   Theorem.  Let  (U  .)  be  a  subset  of  ba(Q^  A)  .   Then 

(U  )  is  weakly  sequer clally  compact  if  and  only  if 

(1)   (la  )  is  point-wisa  bounded, 

and     (2)   {\i  )    is  uiiiformly  strongly  bounded. 


Proof   We  shall  first  show  that  (1)  and  (2) 
imply  (u  )  is  weakly  sequentially  compact.   As  in  Theorem 

1.9  (3).  (TU  )  G  ca(Q  .  A  )  is  uniformly  strongly  bounded; 
-     a        s-   3  ^  ^ 

obviously.  (TU  )  is  point-wise  bounded.   Thus  by  Theorem  3.6, 
(TU  )  is  uniformly  countably  additive  on  )  ,  v/hile  by 


a 


v.; 


Theorem  2 .  .1 6 .  (Tu  )  is  bounded.   Thus  (Ty  )Gca(Q  .  ^  (A  )  ) 

is  weakly  sequentially  compact  by  Theorem  1.13.   Since  T 
is  an  isomorphism,  if  (u .  )  G  (ij  )^  there  exists  a  su.o- 
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sequence  (Tu  _  )  .  of  (nT)    and  a  m  e  ca(Q^,  V(a  ■;)  such 


s^  ^' 


that  T\l^^    converges  weakly  to  M.   since  ca(Q  ,  Y (A    ))  i< 
a  closed  linear  subspace  of  ca{Q^,    A),    ve  also  have 


1      s 


in  ca(Q^,  A^).   since  T  is  an  isomorphism,  we  then  have  that 

1  '  s 

for  each  x  e  (ba  (Q,  a))',  so  that  u    -.  T^'l^,   )    ,„^  _ 

n .  'iJ       /a   *   "-J^cl  so 
1  s 

we  see  that  (u^)  is  weakly  sequentially  compact. 

Conversely  when  (u^)  is  weakly  sequentially 
compact,  it  is  also  bounded,  so  that  (1)  holds.   since  T 

is  an  isomorphism,  it  follows  much  as  above  that  (TiT) 

a 
is  weakly  sequentially  compact.   Thus  by  Theorem  1.13, 

(TM^)  is  uniformly  countably  additive  on  ^(A^^)  ,  so  that 

(TU^)  is  uniformly  strongly  bounded  on  A^ .   Thus  (m  )  is 

•onifo.rmly  strongly  bounded  on  A.   D 

3.17   Theorem.   Let  (u^)  be  a  subset  of  ca^^,  V).   Then 
(■\)    is   weakly  sequentially  compact  if  and  only  if  (y  ) 
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is  point-v/ise  bounded  on  A,  and  there  exists  a  countably 
additive  X :  A  -*  P^      such  that  U   «  X  on  A,  uniformly  in  a. 


Proof   If  (U  )  is  weakly  seqxientially  coiapact, 
then  by  Theorem  3.16,  (U^)  is  uniformly  strongly  bounded 
and  point-wise  bounded  on  A  since  ca(n,  /)  is  a  closed 

linear  subspace  of  ba(Q,  A) .   Thus  by  Corollary  3.12  there 

exists  \:    A  ->   ^      such  that  U   «  X  uniformly  in  a.   As 

a  ^ 

remarked,  X  may  be  chosen  countably  additive. 

Conversely,  i"^  X  does  exist  with  u   «  X  ou  A, 

then  (|i  )  is  uniformly  strongly  bounded  on  A,  so  that  by 

Theorem  2.16,  (li  )  is  uniformly  bounded.   But  then  (u  ) 
'    a  ^  a 

is  uniformly  bounded  and  uniformly  strongly  bounded  on 

)  by  Theorems  2.2  3  and  3.6  respectively,  so  that  by 

Theorem  3.16,  (u  )  is  weakly  sequentially  compact  in 

ba(Q,  A) .   Since  ca(Q,  A)  is  a  closed  subspace  of  ba(n.  A), 
(U  )  is  weakly  sequentially  compact  in  ca(n,  )).   U 

3.18   Convention.   Let  (U . ) •    be  a  sequence  in  b3(Q,  A). 
Then  for  aeA, 

.  "P^^^  -  L^    2i    l+v(]^.)(Q)  ' 
defines  a  bounded,  finitely  additive  measure  on  A  into 
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^      which  we   call  the  control  of  the  sequence  {[i .  )  . 

3.19   Theorem.   If  ((J^)  c  ba(Q,  A)  is  point-wise  bounded, 
the  follov/ing  are  equi\^alent: 

(1)  (U^)  is  weaKly  sequentially  compact; 

(2)  (u^)  is  uniformly  strongly  bounded; 

(3)  if  (a^^)  is  disjoint  in  A,  then 

liiT^i  v(w^)  (r^)  =   0, 
uniformly  in  a; 
('")   if  (a.)  is  disjoint  in  A,  then 

converges  in  ^,    uniformly  in  a. 
(5)   for  each  sequence  (u .  )  s  {\j.    ), 
Mj_  «  fP, 
uniformly  in  i,  where  cp  is  the  control  of  (U  .  ) 

X 

Proof   Of  course  (1  «  2)  by  Theorem  3.15.   By 
Theorem  3.10,  a  sequence  (m^)  c:  (u^)  is  uniformly  strongly 

bounded  if  and  only  if  u^  «  cp  uniformly  in  i,  so  that 

(2-5)  is  clear,  while  (5  -  1)  since  by  Theorem  3.15, 
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each    subsequence    (u .  )    of    (u    )    is    then  v/eakly   seqvientially 

con-ipact.      lie    shall    show    (2   --•    3   ->   ■^    -*    2)    to    coraplete    the 

proof.       If    (2)    holds,    then  by    (4)    of   Theorem    2,11, 

lirr         i  lu     !  I  (U.       r.)    =0   uniformly    in  a.       Since  bv    (2) 
\t  ,r.\'  -    a  i=n    i  -^  ' 

and    (3)    of   Theorem    1.3,    v (u    )     ^    2||u    ||,    a,    eG,     (3)    of    the 
theorem    follov/s.       Actually  we   have   proved  more,    in    fact   that 

1  im        V  ( n    )  ( U  ."      r  .  )    =^   0  , 
m, n        a        i=n   i 

uniformly    in   a.       E'rom   this    it    xs    obvious    that    (4)    holds. 
If    (4)    does   hold,    then  v(u.)  (r.)    -.■    0   uniforml^'-    in   a,    so 

that    lu    (r.)l     ^  V  (u    )  (r,)     iraplies     (U    )     is   uniformly    strongly 

bovinded.      D 

3.20  Remark .       In    (4;    of  Theorem    3.19, 

y.    v(u    ) (r.) 

may  be  replaced  by 

y.  lu  (r.) j, 

by  Theorem  2.11  (2).   The  equivalence  of  this  to  (1)  in 
n-iecrcm  3.19  and  the  equivalence  of  (1)  and  (2)  in  Theorem 

3.21  v/as  done  by  Porcelli  [13]  in  a  very  long  and  diffictilt 
manner . 
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3.21   Theorem.   For  (u .  )  s;  ba{Q,  A)  ^  the  follov/ing  are 
equivalent: 

(1)  U.  converges  v/eakly  to  0; 

(2)  (Porcelli)  for  (a.)  disjoint  in  A^ 


lim.  y.  |u. (a.) i  =  0; 
X  i^2         1   J 


(3)   (Hildebrandt)  for  (a.)  disjoint  in  A, 


lim.  ) .  u. (a . )  =  0; 
1  ^J   1   1 


(^)   a)   (u . )  Lz   uniformly  strongly  bounded,  and 
b)   lim.  U . (a)  =  0,  aeA. 


Proof   (1  «  4)   This  is  Theorem  3.16,  since  (b) 
implies  that  (a.)  is  point-wise  bounded  and,  if  u . 

converges  weakly,  \l .    converges  weakly  to  0  if  and  only  if 

(b)  holds. 

(2  -•  3)  is  obvious. 

(3  -^  A)  :      That  (b)  holds  is  seen  by  taking 
a^  ~   a,    a.  ~   0,     i  >  1.   Suppose  (a)  fails.   Then  by  Theorem 

2.11  (4),  there  is  a  double  sequence  (m.,  n.)  such  that 

m.   ~,  n.  -s  m.,  isua,  and  for  some  e  >  0,  and  some  subsequence 


S5 


(M^    )    of    (u.), 
i 


lY  .^        U,      (a.)  I    >   e,  ieto, 

-"       1         1      -• 


Clearly  we  may    assume  n\.         >   n.,    ie'i).      Then   defirsing 

b.    =   U.         a.,    ie'JO,    we  have    (b .  )    disjoint  v;hiie      u,      (b .  )       >   e, 
X  1  =in  .i'  '  1  'K.i' 

iew.       For    simplicity,    assume    |  n .  (b . )  |    >    e,    ieuj.       Since    for 

each    iew.    there    is    a   subsequence    (b      )    of    (b . )     such    that 
-"       -  ^  n .  X 

X 

lu       (b      )  I    =  U       (b      )     for    all    i    s    j    or 

'    n .      n .     '  n .      n . 

XX  IX 

lu       (b      ) I    =  -U       (b      )     for    all    i    ^    j,    we   may    assume  by    a 
'n.n.'  n.n. 

XX  XX 

diagonalization  procedure  that  for  each  i, 

!^ij(bj)|  -H.(b.),  jSi.  or  IUj(b.)i  =-u.(b.),  jsi. 


Now   since    lim.    la.  (a)    =0,    aeA,    v/e  may   also    assume 
XX  '  ' 

.i-1 


Ij=l    l^^i'^j)'    <   ^^2,  i^^- 


In  fact  this  clearly  holds  for  i  =  1.   Suppose  -./e  have  the 
inequality  for  i  =  N.   Tlien  there  exists  an  M  >  N  such  that 

for  i  ^  M  and  1  ^  j  ^  N.   If  we  relabel  so  that  u^  becom.es 
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U-     /,,   ^r\     -1,    v/e  have    hhe    inequality    for    i    =^   N  +    1.       But 
'^1-  (M-N)  +  l' 

now   for    all    i, 

2  e   -   V2  =  V2, 

using  the  fact  that 


ll. 


j.i^<bj)l  =Ej.i  l^'id'j)!. 


Since  this  clearly  contradicts  (3),  v/e  have  shown  (3  -*  4). 

(4  -  2):   By  Theorem  2.18,  (u . )  and  (m~)  are 

also  uniformly  strongly  bounded.   Thus,  if  €  >  0,  there 
exists  an  N  such  that  for  ieuu 

y.^.,  Iu.(a.)|  ^  y.>.,  (^"!"(a.)+uT(a.)  )  <€. 

Also,  from  (b) ,  there  is  an  M  such  that  i  ^  M  implies 

nN-1 


ylN— J. 


Then  for  all  i  ^  M 

y.  Ia.(a.)I  ^  y.>,,  iu.(a.)I  +y.  ,  ln.(a.)| 
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so  that  (2)  clearly  holds.   D 

3.22   Remark.   The  proof  of  Theorem  3.21  contains  an 
elementary  proof  of  the  equivalence  of  the  conditions 
of  Porcelli  and  Hildebrendt.   Further,  given  Theurer.  3.6, 
v/hich  is  of  interest  in  its  own  right,  the  proofs  of 
Theorems  3.19  and  3.21  are  relatively  simple.   Since  it 
is  of  some  interest  to  simplify  the  proof  that  Porcelli 's 
condition  implies  weak  convergence  to  0  (see  Darst  [4] ) , 
a  development  of  the  theory  of  weak  sequential  compactness 
in  ba(n.  A)  along  the  lines  given  in  this  chapter  has  an 
added  bonus  beyond  the  theorems  discovered. 
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